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cr^HK ^ranflatpr of this fVork offers it to hi$ 
-^ Countrymen in their native tongue^ becaufe 
it appears to him to be one of the moft fuccefsfuf 
attempts which has ever been made to facilitate 
the Stuiy of Geometry. Originality ofplan^ clear-- 
nefs of arrangementy Jimplidty of demonftration^ 
and an ehgant cf^'fi/jM^x »f ^p^effiopf willy he 
apprehends y be fduHtiyo^bethe }eading\haraSeri 
of thefe Elements, f •':..::;/.: :(*' 
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^hofe who know 'iibVe^e'thi 'd^iUties of an un-- 
dfrtaking of this kind principally liCy will eafilypar^ 
don the liberties which the Author has takeny in 
making ufe of Numbers in the doSirine of Prgpor-- 
tion, andy in .employing the methods of Exhaujiions 
and Indivijibles in demonjirating the properties of 
Solidsy when they perceive that by this means he 
Pas enabled the learner to make himfelf mafter of 
the principal elementary proportions y with the moft 

perfe£( 



ly ADVERTISEMENT. 

f erf eSt facility y and at the fame time with a degree 
of accuracy fufficient for every purpofe ofpraHice. 
Nor will it be thought too bold an innovation, that 
in a mathematical work the Author makes life of 
Phyfical Points, and thefe too of different magni^ 
iudes i if it be obferved, that he always expreffes 
by this term the idea commonly affixed to Aliquot 
Parts, and that he only applies it to commenfurable 
lines or figures actually exiftipg. 

It is not the Editor^ s idea, that this work can 
fuperfede the ufe of the Elements of Euclid, which 
have a firiSlneJs of proof, and univerfality of ap^ . 
plication, of which none of the more eafy methods 
ef demonJira,ti4frij.i^yetitidTby.y$odems can boaft. 
But be is of. jopifJoii, th^l^'it-iniiy ena]ple thoje who, 
are employed iff Vl^v prv^/^'fi/e of the Mathema-- 
sical Arts, at an ^emcKpefOfi: of time and attention, 
to acquire a generui'^ktiowFedge of the theory on 
which they are founded -, and that it may be of 
great benefit to young Geometricians, in introducing 
them to a ready acquaintance with the terms and 
principles of this difficult fcience, and preparing 
them for making further advances in mathematical 
knowledge^ 
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THE author's 

RE F A C . E. 

I HAVE neither vanity, nor humility enough 
^■^ to publilh thefe Elements for the fake of 
obtaining the name of Author : in this under- 
taking, utility is my fole objedt. Nor indeed 
could any inferior motive have been fufEcient, to 
fupport me under the tedious labours, to which 
my defign has obliged me to lubmit; . What I 
here offer to the Public, is the refult of num- 
berlefs efforts, obferv^tions, and cotreftions, 

f J ...» 

continued through twenty years. Though pro- 
feffionally engaged in explaining . the fublimer 
parts of modern Geometry in one of the firit 
Univcrfities in Europe, I have not thought it 
beneath me to dedicate my leifure hours to a 
work of this kind : for, the farther I have car- 
ried my refearches, the more fully I have been 
convinced, of what all who are not wholly 
ftrangers to the fubjedt mufl perceive^ that 
well-written Elements of Geometry were ftill 
among the defiderata of fcience. 

' r 

If thefe Elements fhould fail of obtaining 

applaufc on the firft curfory perufal, I . (hall not 

be difappointed. The fuperficial reader will 

.* A^ cafily 



vi PREFACE. 

eafily perfuadc hunfelf, that they are only dl 
fervile repetition of what was faid two thoufand 
years ago by the great Father of Geometry. 
Were this the cafe, I Ihould at leaft have the 
merit of having convinced myfelf by long ex* 
perience, of the preference due to the method of 
Euclid above any other which has been fubfli- 
tuted in its room. But good judges, who know 
how to difcriminate more accurately, will per- 
haps be of a different opinion. They will be 
aware of the rocks that were to be Ihunned, and 
the difficulties that were to be furmounted, in 
executing this defign ; and will eafily perceive, 
that without indulging, an aflfe&ation o( novelty, 
I have often been under the neceffity of ftriking 
out into unbeaten paths j by which means ob- 
ftacles have fometimes perhaps been avoided, 
which had before frequently embarraffed both 
the Pupil and the Teacher. 

All the Element4ry Propofuions, which cart 
be of any ufe in a complete courfe of Mathenm- 
lics, are here reduced to about an hundred. To 
make the proper feleftion required jiidgmen^ 
Ikill, and attention. How far I have fucceeded 
in the attempt, muft be left to the Public to de- 
termine J and the fuccefs of my work will be 

the tcft of their approbation. 
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GEOMETRY. 



DEFINITIONS. 

t 

%. ./x Solid is that which hath length, breadth and 
thkknefs. A book, for iaftance» is a folid, fince i^ 
is iong, broad and thick* 

2. A Surfase is that which has length and breadth^ 
but no thicknefs. A leaf of fine paper may reprefent . 
a furface. 

3* K Isim is that which has length, but neither 
bceadth nor thicknefs. . A hair may reprefent a line ; ^ 
a thread drawn ftraight^ a right line. ** 

A 2 4* A Point 



:2 DEFINITIONS. 

4* A Point bas neither length, breadth, nor 
thicknefs. A ^^(^ grain of fand may reprefenf a 
pointt 

5. If a line ab is carried about a point a, in fuch 
manner, that its other extremity pafles from b to c, 
from c to D, &c. the point b, in its revolution, / 
will defcribe a curve line, bcdfglb. This curve 
line is called the Circumference of a circle. The Circle 
is the fpace inclofed by ^thls circumferei^ce. The 
point A,' which in the formation 
of the circle is at reft, is called the 
Center. The right lines AC, ad, 
/AF, &c. drawn from the center 
to the circumference, are called 
Hadii. A Diameter is a right line 
which pafles through the center, 
and is terminated both ways by 
the circumference : the line dal, for examp}e, is 
.a diameter. An ^rc is a part of the circumference, 

.as YGf I 




6. The circumference of a circle is divided into 
360 equal parts, which are called Degrees ; every 
degree is divided into 60 parts, which are called 
Minutes '9 every minute is« divided into 60 ,part§, 
which 'arc called Seconds. A large circumference 
-has the fame number of degr€;es with a fmall one, but 
the degrees ii]ijhe former ^re greater than thofe in 
the latter. . : :* 

7. Two 



DEFINITIONS. 3 

7, Two right lines which are drawn from thp ftme 
point, and recede from each other, form an opening 
livhich is called an .Angle. An angle is 
commonly exprefTed by three letters 5 and 
it is ufual to place in ' the middle the 
letter which marks the vertical point of 
t^Je angle ; thus we fay, the angle bac, 
and not the angle abc, or acb. 



• 
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8. The magnitude of an angle does not depend 
upon the length of the lines which form it, but upon 
their diftance from each other. How far foeyerthe 
lines AB, AC are extended, the angle remains the 
fame. One angle is greater than another, when the 
Jines which form it are more diftant. The angle bai. 
(fee fig. def. 5.) is greater than the angle cab, becaufe 
the lines ab, al, are more diftapt from each other than 
the lines AC, ab. If the legs of a pair of compaffes 
be a little feparated, an angle is formed j if they be 
opened wider, the angle becomes greater \ if they be 
brought nearer, the angle becomes lefs. 

9. If a point of the compafles be 
applied to the point G, and a cirr . 
cumference nrp be defcribed, the 
fire NR,^ contained with^ the two 
lines GL, GM, will meafure the 
magnitude of the angle lgm. If 
the arc nr, for example, is an arc of 40 degrees, the 
^ngle LGM is an angle of 40 degrees. 

10. There? 




^ DEFIMITIOIIS. 

10. There arc three kinds of angles; a RSgit 
angle, which is an angle of 90 degrees 5 an Obtufi 
angle, which contains more than qo degrees ; and aQ 
Jcutt angle, which contains )efs than ^ degrees* 
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II* One line is Perfendicular 
to another line, when the two angles 
which it makes with that other line 
are equal : thus, the line cd is per- 
pendicular to the line ab, if the an- 
gles CDA, CDB contain an equal 
number of degrees. 

12. Two lines are Parallel^ when 
all perpendiculars drawn from 
one to the other are equal : thus, 
fhe lines fg, ab are parallel, if all 
thC' perpendiculars, r, 4^ &c. are 
equal. 

13. A Triangle is a furface enclofed by three right 
)!ines called its Sides* An equilateral triangle is tba( 
which has the three fides equal : an ifofceles triangle has 
^o of its fides equal : zfcedene triangle has its three 
fides unequalf 




Acc^ C C cc c B 






14. A 



DEFlNITiaNSa 5 

14. A ^^drilateral figure is a furf^icc inclpfcd by 
four right lines, which are called Its fides« 

] 15. A Parallelogram i$ a quadrilateral figure, wfaiek 
his ks oppofit^ fides parallel ; .thus, if the fide sc is 
parallel to the fide ad, and th^ fide ab to the fid^ 
DC, the quadrilateral figure abcd is called a paral- 
lelogram* 



-' / — -y 
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i6. A RiSangh is a quadrilateral figure, all the aa« 
gles of which are right angles as abcd* 



B 
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D 



17. hSquare is a quadrilateral figure, the' fides of 
which are all equal, and all its angles right angles* 




1 8. A Trapezium h any quadrilateral figure not a 
parallelogram. 

19, Thofe figures arc Equals which inclofe an equal 
fpace : thus, a circle and a triangle are equal, if the 
fpace included within the circumference of the circle 
be equal to that contained in the triangle. 

20. Thofe 





6 DEPI NITRONS. 

20. Thofe figures are Identical^ which are equal 
in all their parts, that is, which j^ P 

have their angles equal, and 
their fides equal, and inclofe 
equal fpaces, as bag, FDGt 

c ir 

It is manifeft that two figures are identical, which, 
being placed one upon the other, perfedly coincide ; 
for> in that cafe, they muft be equal in all their parts. 

N. B. A line, ufed Cmply, always denotes a right 
line. 

AXIOM. Two.righllines.x:annot entirely inclofe a» 
fpace : this requites at leaft three lines. 



O F 



/ 



o r 



RIGHT LINES 
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RECTILINEAL FIGURES. 
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PROPOSITI ON L 

X HE radii of the fame circle are all 
equal. 



*> 
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The revolution of the line ab about the point a be* 
ing necieffary to form the circle bcdfglb (def. 5.) 
when, in revolving, the point b is upon the point c^ 
the whole line ab nuift be Upon the line ac j other- 
Wife two right lines would inclofe a fpace, which is 
impoffibl^: whence the radius ac is equal to the 
radius ab. In like manner it may be proved, that 
the radii ad, af, ag, &c«; are equal to ab : 
they arc therefore equal among themfelves. . 
.- B . PROP. 
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8 OFRIGHT LINES 

PROP. II. 

To defcribe an equilateral triangle upon 
a given line. 
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Let AB be the given line, upon which it is re^ 
quired to defcribe a triangle, the three fides of wiiich 
are equal. 

From the point A, with the radius ab, defcribe 
the circumference bcd ; from the point b, with the 
radius ba, defcribe the circumference acf ; and 
from the point c,, where thefe two circumferences 
cut each other, draw the two right lines CA, cb : 
ACB is an equilateral triangle. 

For, the line AC is equal to the line ab,* ' becaufc 
thefe two lines are radii of the fame circle bcd ; And, 
the line bc is equal to the line ab bccaufe ' thefe. 
two lines arc radii of the fame circle acf. Whence, 
, the lines ac and bc, being each equal to the fame 
line ab, are equal tx/ one another \ and all . the three 
fides of the triangle acb are equal ; that is, .thft 
triangle is equilateral. , ^ 

* Thc^ fignre» itfer to the pocediMig, propofiitioos; - 

PR 6 J». 



AKO flECiTlLlKEAL FIGXf RES 



P R O P. III. 

Triangles which have two fides and the 
angle contained by them equal, are iden- 
tical • 

A ^ 





B CI t > 

In the two triangles bac^ fdo, if the fide dI>' 
be equal to the fide ab, and the fide dg equal to 
the fide AC, and alfo the angle d equal to the angle 
A, the two triangles are identical* 

Suppofe the triangle fdg placed upon ,the*^^tri*- 
angle bac, in fuch manner that the fidef df falls 
ei^a<^/. upon the fide equal to it, ab. Since th« 
angle p is equal to the angle A^ the fide dg muft 
fi^l upon the fide equal to it, ac : alfo^ the point r 
wi]l be upon the poxht b, and the point g upon 
tbe ptrin^ C : confequently, the line fg muft fall 
wholly upon the line bg ; otherwife two rigJit lines 
would inclofe a/ipaee, . which is impofiible. ^Tfae 
three fides of the triangle fdg, therefore, coincide in 
all points, with the three fides of the triangle bag ; 
and the two triangles have their fides and angles 
equal, and inclofe an equal fpace, that is, (def. 20.) 
they are identical. 

B2 PRO ?• 
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or RIGHT LlKSf 



? R 6 P. IV. 



In an ifofcelcs triangle the angles at the 
bafe are equal. 




Let the triangle bac have its fides ab, ac, equal ; 
the angles B and c, at the bafe, are alfo equal. 

Conceive the angle a to be bilefted by the right 
line AD. 

In the triangles bad, dac, the fides ab, ac 
are, by fuppofition, equal ; the fide ad is common 
to the two triangles ; and the angles at a are fuppofed 
equal. Thefe two triangles have then the two fides, 
-and the angle contained by them, equal : they are 
therefore 3 identical, or have all their p^ts equal: 
Whence the angles b and c are equal. 



PROP. 



AND RECTILINEAL FIGURES. 
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PROP. V. 



Triangles which have their three fides 
equal, are identical. 



A T 





B ^ 



In the two triangles acb, fdg, let the fide ag 
be equal to the fide fd, the fide cb equal to the fide 
DC, and the fide ab to the fide fg s thefe two trU 
angles are identical. 

Let the two triangles be fo joined, that the fide FO 
fIxM coincide wit)i the iide ab, and draw the right 
)ine CD. 




3ince, in the triangle cad, the fide AC is equal 
to the fide ad, the triangle is ifofceles; whence 
(def. 13.) the angles at the bafe, m and n^ are equal. 

B 3 5ince^ 
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OF RIGHT LINKS 




Since, in the triangle cbd, the fide bc is equal 
to the fide bd, the triangle is ifofceles; whence 
(def. 13.) the angles at the bafe, r and Sj are equal. 

And becaufe the angle m is equal to the angle n^ 
and the angle r equal to the angle ^^ the whole angle 
c is equal to the whole angle d« 

- Laftly, becaufe in the tWo triangles acb, ad0» 
the fide ac is equal to the fide A09 and the fide CB 
equal to the fide db, and alfo the angle c equal to 
the angle d, thefe two triangles have two fides and 
tHe contained angle equal, and are dierefore 3 identi^aU 



PROP, 



AND RECTILItlBAL FIGURES. 
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PROP. VI. 

To divide a right line into two equal 
parts. 




Let the right liite, which it i^ required t6 divide 
into two equal parts, he ab. Upon ab draw * the 
equilateral triangle A0B ; and on the other (ide of 
the fame line ab draw the equilateral triangle afb j 
draw alfo the right line df; ac is equal to cb. 

In the two larger triangles 9af, dbf, the fides 
DA, DB, are equal, hecaufe they are ildes of an 
equilateral triangle; the iides af, bf, are equal for 
the fame reafon ; and the fide df is common to the 
two- triangles. Thefe two triangles have then their 
three fides equal, and confequently 5 are identical, or 
have all their parts equal -, whence the two angles at 
D are equal. 



B4 



Again, 
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OF RIGHT I.INE8 




Again, in the two fmaller triangles adc, cdb,^ 
the fide da i^ made equal to the fide db; 
and the fide dc is common to the two triangles : 
alfo, the two angles at d are equal. Thefe two 
triangles have then two fides, and the contained an- 
gle, equal ; they are therefore 3 identical, and i^c 
|S equal to cb, that is, A3 is bifj^fted^ . ^ 
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AND RECTILINEA-I. FIGURES. Ig 

PROP. VII. . 

Frem a given point, out of a right line, 
to draw a perpendicular to that line. 




{jet c be the point from lyhich i( is r^quirej ta 
draw a perpendicular to the right line ab. 

From the point c defcribe an arc of a circle which 
ftiall cut the line ab in two points, F and g. Then 
hikSt the line fg, and to d, the point of divifion, 
draw the line cd : this line is perpendicular to the 
line AB. Draw the lines cf, cg. 

In the triangles fcd, dco^ the fides, cf, co 
are equal, ' becaufe they are radii of the fame circle ; 
the fides fd, sg are equal, becaufe fg is iikdtcd ; 
and the fide cd is common. Thefe two triangles 
then, having the three fides equal, are 5 identical. 
IVhence (def. ao.) the angle cda is equal to the 
angle CDB, and confequently (def. ii<} the line CD 
|5 perpendicular to the line ab* 



PROP. 
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P R O. P. VIII. 

From a given point in a right line, to 
raife a perpendicular upon that line. 




A F c G B 



From the point c I^ It be required to raife a per- 
pendicular upon the right line ab. 

In AB take, at pleafure, cf equal to cg; upon 
the line fg defcribe an equilateral triangle fdg» 
and draw the line cd ; this line will be perpendicular 
to AB« 

In the triangles fdc, cdg, the fides df, dg 
are equal, becaufe they are fides of an equilateral tri« 
angle ; the fides fc, cg are equal by conftru£tion ; 
ani the fide pc is common. Thefe two triangles> 
theii, having the three fides equal, are 5 identical. 
Therefore (def. 20.) the angle dca is equal to the 
angle DCB, and confequently (def. 11.) the line CD 
is perpendicular to the line ab« 



PROP. 



AND RECTILINEAL FIGtTRES. ly 
PROP. IX. 

The diameter of a circle divides the cir- 
cumference into two equal parts. 




Let ADBL A be a circle ; the diameter acb bife£b 
the circumference, that is, the arc alb is equal to 
the arc adb. 

Conceive the circle to be divided, and the lower 
fegment acbla to be placed upon the upper acbda; 
all the points of the arc alb will fall exadlily upon 
the arc adb, and confequently thefe two arcs will be 
equal. 

For, if the point l, for inftance, does not fall upon 
the arc adb, it muft fall either above this arc, 
as at G, or below it, as at f. If it falls on g, the 
radius cl will be greater than the radius cd ; if it 
falls on F, the radius cl will be lefs than the radius 
CD ; which < is impoi&ble. The point l muft then 
fall upon the arc adb. In like manner, it may be 
proved, that all the other points of the arc alb muft 
fall upon the arc adb ; thefe two arcs are therefore 
rquad. 

PROP. 



l8 OPRICHTL 1NE$ 



P R O ?• X. 



A right line which meets another right 
line, forms with it two angles which arc 
together equal tpjwo right angles. 




The line Ad meeting the line df, and formins; 
with it the two angles acd, acf, thefe two angles 
are together equal to two right angles. 

From the point c as a center defcribe, at pleaAire, 
a circumference nclmn. 

The line ncl, being a diameter, divides the cir- 
cumference 9 into two equal parts. The arc ngl is 
therefore half the circumference, which contains 
(def. 6.) 1 80, or twice 90, degrees. Therefore the 
angles acd, acf, which taken together are meafured 
by the arc NGL, are twice 90 degrees, that is (def. 10.) 
sure equal to two right angles. 

PROP. 






AND RBCTILIMBAL FIGURES. I9 

PROP. XI. 

A right line drawn perpendicularly to 
another right line, makes right angles 
with it. 
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A D B 

If the lihe CD be perpendicular to the line, ab, the 
angle cda is a right angle^ and alfo the asigle cob. 

For the. line cd, meeting the line ab^ forms^ with 
it two angles which are together ^^ equal to two right 
angles ; and thefe two angles are equal, becaufe qd- 
is perpendicular to AB : wherefore ^ach angle i^ a 
right angle. 



PROP. 



SO' OP]tIOHTX.INBS 

PROP. xn. 

If two Hnes cut each other, the vertical 
or oppofite angles are equal. 




Let the lines ab, df, cut each otherat the point 
Ci the angles acd, fcb, which are called vertical 
or oppoiite angles, are equal. 

From the point c as a center defcribe, at pleafure, a 
circumference nglmn. 

Since the line kcl is a diameter, the src NGt 
IS 9 half the circumference: alfb fince gcm is a 
diameter, the arc gl m is 9 half the circumference : 
therefore the arcs ngl, glm are equal. From, 
thefe two arcs take away the common part gl, there 
will remain the arc Nc equal to the arc lm : confe- 
quently, the angles acd, fcb, which are meafured 
by thefe two arcs, are alfo equal. 



PROP, 
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PROP. XIII. 

/ 

If a line is perpendicular to one of two 
parallel lines^ it is alfo perpendicular to the 
other. 



A 
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Let AB9 CD be two parallel lines : if the line FO 
makes right angles with co, it will alfo make right 
angles with ab. 

Take at pleafure gc equal to gd ; at the points 
c and D, raife the perpjsndiculars, c a^ db ^ and draw 
the Iin«s ga, cb. 

In the two triangles acg, bdg, becaufe the line 
AB is parallel to the line cd, the perpendiculars ga, 
PB are necefiarily equals as appears from the definition 
of parallel lines (def. 12.):, the lines CG, dg, are 
equal by cohftruAion; aird the angles c and d are right 
angles. The two triangles acg, bdg have then 
tyfo fides, and the contained angle, equal : they arc 

therefore 



I 



ta 
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therefore i identical. Whence the fide ga is equal to 
the fide OB, and the angle m equal to the angle n. 




Again, in the triangles agf, fgb, the fide CA 
is equal to the fide gb, as hath been proved ; and the 
fide GF is common. Moreover, the angle r is equal to 
the angle s : for, if from the two right angles fgc, 
FGD, be taken away the equal angles m and », there 
will remain the equal angles r and j. The triangles 
AGF, FGB have then two fides, and the contained 
angle, equal : they are therefore S identical. Where-- 
fore the angles gfa, gfb are equals and confe* 
quently are right angles. 



PROP. 
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PR OP. XIV. 

If one line is perpendicular to two 
€thef lines; tliefe two lines are parallel! 



A.— 



■B 



\ 



H 



Let the line fg make right angles with the lines 
AB axid CD V thbfe twb liilbs afe-poralleL 

If the line ab be not parallel to the line cd, 
another line^ as .nh> /may be dk^wh- through the^ pdfnC 
F parallel to the line CD. But this is impoffible ; for 
if thfe lind Kft wdre pUi^llel t6' the line cb, the* line 
FG, niakihg ri^htaAgles: Witti CD, woiild' alfo «3 make 
right ailgli^ With N^jv^hrcHcannbt be, becauFe, by 
fuppofitidii; itln^kes' fight 'angles with* ab'. 



.* 
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PROP. XV. 



\ I 



The oppofite fides of a redangle are 
parallel. 




■ 

I 



In the redangle abcd, the fide BC is parallel to 
the fide ad, and the fide ab parallel to the fide DC. 

Produce each of the fides both ways. 

The line ab is perpendicular to the two lines bc, 
AD ; the two lines .bc, ad are therefore ^4 parallel. 
In like manner, the line ad is perpendicular to the 
two lines ab, be s the two lines ab^ tfc> are there- 
fore 14 parallel. 



PROP, 
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PROP- XVI. 

The oppofite fides of a reftangle are 
equal. 

In the re£langle abcd, [fee fig, to the preceding 
propofition] the fide ab is equal to the fide oc^ 
and the fide bc equal to the fide ad. 

For, fince the fide bc is parallel to the fide ad, 
the perpendiculars ab, do are (def. 12.) equal i and^ 
fihce the fide ab is parallel to the^fide dc, the per- 
pendiculars BC> AD are equal* 



• • « 
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PROP. XVII. 



A right line, falling upon parallel ^Tit%f 
makes the alternate angles equal. 




Let the line FO.cut the parallels ab, gd; ths 
angles AFG, FGD, which am calkd ahigrngu angks^ 
are equal. 

From the point g draw Gh perpendicular to the line 
AB ; and from the point F draw FM perpendicular to 
the line gd. 

Since the line GL.is perpendicular to ab, it is alfo 
'3 perpendicular to the parallel line gd. In like 
manner, fince the line fm is perpendicular to the tine 
GD, it is alfo <3 perpendicular to the parallel line ab. 
Whence the quadrilateral figure glfm is a reflangle^ 
its four angles being right angles. 

In the triangles glf, fmG, the fides lf, gm 
are equal, becaufe they ace oppofite fides of the fame 

reftanglc ; 



Illlll>lt«^ 
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re£langle : the fide^ lg, fm^ are equal for the fame 
reafon; and llie iide fg is common. The two tri* 
angles glf, fmg^ have then the three fides equal, and 
confequently 5 are identical. Wherefore Uie angle 
lfg^ oppofite to the fide %o^ is equal to the angle 
FGM, oppofite to the fide fm. 

r 
t 

Remark. In identical triangles, the equal angles 
are always oppofite to equal fidesj as appears in this 
propofition. 
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PROP. XVIII. 



If one right line, falling upon two 
others, makes the alternate angles equals 
thefe two lines are parallel. 




Let the alternate angles afg, ?gp, be equal, 
. the lines ab^ 6d are parallel. 

» 

If the line ab is not parallel to the line gd, another 
line, as nf, may be drawn through the point f pa- 
rallel to GD. But this is impoffible : fpr, if the line 
NF were parallel to the line gd, the angle fgd 
would be »7 equal to the angle nfg, fince thefe two 
angles would be alternate angles between two parallel 
lines ; which cannot be, becaufe, by fuppofitipn, thp 
angle fgd is equal to the angle afg. 



PROP, 
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PRO P. XIX. 

If one right line falls upon two parallel 
right lines, it makes the interior angle 
equal to the exterior. ^ 




Let the line fg meet the parallel lines ba, j>q% 
thp interior angle r is equal to the exterior angle z. 

Produce the lines ba^ bc* 

I 

The angle r is >7 equal to the angle i, hecaufe thefe 
are alternate angles, made hy a right line falling upon 
two parallel lines ; and the angles s and z ar^ '* equal, 
becaufe they are vertical or oppofite angles:, there* 
fore the angle r is equal to the angle %• 



C4 PROP. 
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P A O p. 3PC. 

• . 

If one rig{)t line^ &^^^g Mpon two 
other rig^t lines, o^ak^s t\^ iatemal angle 
equal to the external^ tbe(e two lines arc 
parallel. 




^Let the internal angle r be equal to tlic.cxterful 
angle s, the lines ba, dc are parallel. 

The angle r is equal to the angle z by fuppofition ; 
and the angle % is }^ equ^U to the a|ig|le i^ho^aufe they 
are oppofite angles. The alter;\ate angles r^ 7, ace 
therefore equal> and confeq\;9nt{jr >> ^ llqi^ lu^ ^Q 
are psuallel. 






ft, or. 
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PROP. XXI. 

trough a given point to draw a line 
parallel to a given line. 



\ 
I 




Let G be the point through which it is required to 
draw a line parallel to the given line mf. 

From any point c defcribe, »t pkafiire, the arc 
tv ; from the point f, in which the arc fn cuts the 
line Mf, with the diftance gf, defcribe the arc cm 
meettsg the line mf in m : then fx\ake rt equal to 
<^M9 and draw the line gl ^ this line is parallel to the 
line MF. 

jpi^aw the MdlC of* 

« 

« 

The arcs ai4> FL are equal by conftru^lion ; there- 
fore the alternate angles r, s, which are meafured by 
thefe arcs (def. 9.) are equal : aad confequently >' the 
V lines Of. MF ^e parallel. 



PROP. 
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PROP. XXIL 

The three angles of a triangle are equal 
to two right angles. 



.— . 






JB C D 

In the triangk bac, the three angles b, a, c^ are 
together equal to two right angles. 

Produce the fide bc both ways; through the 
point A, draw a line ro parallel to bc; and from 
the point A, as a center, defcribe any circumference 

LMN.. 

The angle b is <7 equal to the angle x^ becaufe thefe 
are alternate angles made by a right line falling upon 
two parallel lines. For the fame reafon the angle c 
is equal to the angle y. 

Becaufe lan is a diameter^ the arc lmn is half 
the circumference : therefore the three angles *, a, jr,v 
which are meafured by this arc, are together equal to 

two right angles. 

Buj 
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But the angle x is equal to the alternate angle. b, 
and the angle y to the alternate angle c. 

Therefore, fubftituting b for jr, and c for jj the 
three angles b, a, c, are together equal to two right 
angles. 

Corollary. Hence, if two angles of any tri- 
angle be known, the third is alfo found ^ fince the 
third angle is that which the other two, taken to- 
getber^ want of two right angles. 



PROP. 
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PROP. XXV. 

Triangles which have two angles, and 
the fide which lies between them, equal, 
are identical. ' 




In the two triangles bac, fdg, if the angle f it 
equal to the angle b, the angle g equal to the angle 
c, and the fide fg equal to the fide bc, thefe two tri- 
angles are identical. 

Conceive the triangle fdg placed upon the tri- 
angle BAG, in fuch manner that the fide fg fhall 
fall exadly upon the equal fide bc. Since the angle 
F is equal to the angle b, -the fide fd muft fall upon 
the fide ba : and fince the angle g is equal to the 
angle c, the fide gd muft fall upon the fide ca.. 
Thus the three fides of the triangle fdg will be 
exadly placed upon the three fides of the triangle 
BAG ; and confequently the two triangles 5 are iden- 
tical* 



PROP. 
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PROP. XXVI. 

■ 

If two angles of a triangle are equals 
the (ides oppofite to thefe angles ar^ alfo 
equal. 




Conceive the angle a to be bife£ted by the line ad. 

In the triangles bad, dac, the angle b is equal 
to the angle c, by fuppofition ; and the angles at 
A are alfo equal. Thefe two triangles have then 
two angles equal $ the third angle will therefore ^ 3 be 
equal : whence the angles at d are equal. Moreover, 
the fide ad is common to the two triangles. Thefe 
two triangles therefore, having two angles, and the 
fide which lies between them equal, are ^5 identical. 
Whence the fide ab is equal to the fide ac. 



r R OP* 
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PROP. XXVll- 

The oppofite fides of ai paralletogram 
ate tqtidJL 




" In the parallelogram abco, the fide ab is equal t« 
the fide dc, and the fide bc equd to the fide ad. 

Draw the line bd which is called the Diagonal. 

Becaufe bc is parallel to ad^ the alternate angles 
171 and n are equal. In like manner, becaufe ab is 
parallel to dc, the alternate angles r and s zre equal* 
Alfo, the fide bd is common to the two triangles 
BAD^ BCD. Thefe two triangles have then two 
angles, and the fide which lies between them, equal, 
and are therefore 3 identical. Wherefore the fide ab^ 
pppofite to the angle », is ^^ equal to the fide dc, 
oppofite to the equal angle m ; and the fide bc, oppofite 
to the angle i, is equal to the fide ad, oppofite to 
the equal angle r. 

CoR. Hence it follows, that the diagonal bife£ls 
the parallelogram : for, the triangles bad, bcp, 
having the three fides equal) are identical. 

PROP. 
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PROP* XXVIIL 

Parallelograms which are between the 
iame parallels^ and have the fame bafe^ 
are equal* 



c T ^ 
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Let the two parallelograms abcd^ afgI>j be hi^ 
tween the fame parallels bg, am, and upon the fame 
bafe AD i the fpace enclofed within the parallelogram 
ABCD, is equal to the fpace enclofed within the paral- 
lelogram AFGD* 

In the two triangles baf, cdg, the fide ba of 
the former triangle is equal to the fide cd of the 
latter, becaufe they are oppofite fides of the fame 
parallelogram. For the fame reafon, the fide fa is 
equal to the fide . gd. Moreover, BC is equal to 
ad, becaufe they are oppofite fides of the fame 
parallelogram. For the fame reafon, ad is equal to 
FG« BC is therefore equal to fg. If to both thefe 
CF be added, bf will be equal to CGt Whence 
/' v' .: D the 
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die two triangles baf, cdg, having the three fides 
equal 5 are identical, and confequently have equal 
furfaces. 



c V o 
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If from thefe two equal furfaces be taken the 
£mall triangle clf, which is common, there will 
remain the trapezium abcl equal to the trapezium 
LFGD. 'To thefe two' trapezia, add the triangle 
ALD, and the parallelogram abcd will be equal to 
the p^allelogram: AFGDt 
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PROP. XXIX,^ 

If a triangle and a parallelogram are 
upon the fame bafe, and between the 
fame parallels, the triangle is equal ta 
half the parallelogram. 



B c F €^ 




A. 3> J4 



Let the parallelogram abcd, and the triangle 
AFD> be upon the fame bafe ad, and between the 
V iame parallels bg, al; the triangle afd is half 
the parallelogram abcd« 

• • • 

Draw DG parallel to af. 

Becaufe the parallelogram afgd is bifedlcd by 
the diagonal fd, (prop. 27. cor.) the triangle afd 
is half the paralldogram afgd. But the parallelo- 
gram AFGp is equal to the parallelogram abcd, 
becaufe thefe two parallelograms are upon the fame 
bafe and between the fame parallels : therefore the 
' triangle afd is equal to half the parallelogram 

ABCD. 

Da PROP. 
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PROP. XXX. 

Parallelograms <vhich are between the 
(ame paraUds, and have equal bafes, are 
e^ual. 



B c 
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Let the two parallelograms abcd» lfqm be 
between the fame parallels bq, AH9 and have the 
equal bafps AD, hH ', (hefe two parallelogrfuns are 
rqual, 

Praw the lipes af, dg^ 

Bpcaufe AD is equal to j^m^ and. I.M to fg, ad 
18 eq^ual to FG i and they are parallel by conftrucljon : 
alfo AF and pG are parallel ^ for, if dg be npt pa*< 
rallel to af, another line may be drawn parallel ta 
it J whence fq will become greater or lefs than ad ; 
which is impoffible, becaufe fg has b^en proved to 
)ft equal to AD. AF ar^ AG are therefore parallel^ 
jliid AFGD a parallelogramt 

Now 
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Now the parallelogram abcd is *^ equal to the 
parallelogram afgd, becaufe thefe two parallelo- 
grams are between the fame parallels, and have the 
fame bafe ad. And the parallelogram afgd is equal 
to the parallelogram lfgm, becaufe thefe two paral- 
lelograms are between the fame parallels, and have 
the fame bafe fg. The parallelogram ABcp i$ 
therefore lequal to the parallelogram LfQM, 



PROP. XXXI, 

Triangles which are between the fame 
parallels and have equal bafes, are equal. 

Let the two triangles abd, lfm, [fee fig. to the 
preceding propofition] be between the fame parallels 
BG, am, and upon the equal bafes ad, lm, thefe 
two triangles are equal. 

Praw DC parallel to ab, and mg parallel to IF* 

The two parallelograms abcb, lfgm, are equals 
30 becaufe they are between the fame parallels, an4 
have equal bafes. But the triangle ABO is ^9 one 
half of the parallelogram abcd ; and the triangle 
|.fm is one half of the parallelogram if«m. Thefe 
two triangles are therefore equal. 

PROP, 
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P R • O P. XXXII. 

In ^a right-angled triangle the fquare of 
the hypothenufe, or fide fubtending the 
right angle, is equal to the fquares of the 
fides which contain the right angle. 




In the triangle bag, let the angle a be a right 
angle. Upon the hypothenufe bc defcribe the fquare 
BDFC ; upon the fide ab defcribe the fquare almb, 
and upon the fide ac, the fquare arnc ; the fquare 
BDFC is equal to the tWQ fc^uares almb, arnc 
taken together. 

Draw the right lines mc^ ad| and draw ag. 

parallel to bd 

* 

• ^ * Becaufij 
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Becaufe the fquare or parallelogram mlab, and 
the triangle mcb, are between the fame parallels 
xc, MB, and have the fame bafe mb, the triangle 
MCB is *9 equal to half the fquare a£mb. 

Agaiii, becaufe ^ the redangle or parallelogram 
DGPB, and the triangle dab are between the fame 
parallels ga, db, and have the fame bafe bb, 
the triangle dab is ^9 equal to half the redangle 

«CBP. 



f < « 



' Further, fince the fide Mb of the triangle mbc 
and the. fide ab. of the triangle abu; ,are- fides of 
the fame fquare, they .are (def. 17.) equaL Alfo, 
fince the fide bc of the firft triangle, and the fide 
BD of the fecond triangle are fides of the fame fquare^ 
they are equal. And becaufe the angle mbc of the 
firft triangle is compofed of a right angle and the 
angle x, and the angle abd of the fecond trian- 
gle is compofed of a right angle, and the fame 
angle Xj therefore thefe two angles, contained be« 
tween the equal fides, MB, bc, ^nd ab, bd, are 
equal. Wherefore, the two triangles mbc, abd^ 
liaving two fides and the contained angle equal, are 
3 identical, and confequently equal. 

But the triangle mbc is half the fquare mlab; 
and the triangle abd is half the rectangle bdgp. 
The fquare and the re£langle are therefore equal. 

In 



4^ 
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In the fame manner it may be demonftrated, that 
the fquare arnc and the reflangle cfgp are equki :. 
vribence it follows, that the whole fquare e0fc isr 
equal to the two fquarcs mlab, arnc, taken to** 
gcther. 
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D E F I N 11^ I O N S. 

i. jfV Right line (fee fig, prop, xxxiii. ab) tcrtbl- 
nated both ways by the circumference of a circle, 
is called a Q>$rd. 

2. A line (fee fig. prop; XxxiX. ab) which meee$ 
the circumference in one point only, is called a Tangent-, 
und the point t is called the Point ofConta^. 

3. An angle (fee fig. prop, xxxiii. ABJb) which has 
Its vertex in the circumference of a circle, is called an 
Jngle in the Circle. 

4. A part of a circle confined between two radii, 
(fee fig. prop, xxxiv. acbfa) is called z Se^or^ 

5. A part of a circle (fee fig. prop. xxxr. 
agbda) terminated by a chord, is called a Segment of 

a Circle^ 

g PROP. 
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"PROP. XXXIII. 

To draw the circumference of a circle 
through three given points. 



Let there be three given points, a, b, d, through 
>vhich it is required to /draw the circumference of a 
circle* 

Draw the right lines ab, bd^ and bife£l them: 
from the points of divifion, F^ G^ raife the perpendi* 
tulars Fc, Gc ^ and at the point c, with the radius ca9 
defcribe the circumference of a circle : this circum- 
ference will pafs through the points B and d. Draw 
the lines ca^ cb, cd. 

In the triangles cfa, cfb, the iide ^a is equal 
to the fide fb by conftru£bion ; the fide fc is com- 
mon i and the two angles at f are right angles. Thefe 
two triangles have then two fides^ and the angle con-- 

tained 
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tamed by them, equal : they are therefore 3 identical. 
Confequently the fide cb is equal to the tide ca. 

For the fame reafon, the triangles cgb, cgd are alib 
identical « whence the ilde cd is equal to the fide 
CB, and confequently equal to ca. 

And flnce the right lines cb, cd are equal to the 
right line ca, it is manifefl ' that the circumference 
which pafTes through the point A, mufl alfo paft 
through the point d. 



PROF. 
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PROP. XXXIV* 

If a radius bifcds a chord, it is jpcr^ 
pendicular to that chord* 




If the radius CF bifefts the chord ab^ the angle* 
CDA, CDB are right angles. Draw thcf radii caj 

CB. 

' In the triangles cda> cdb, the fides CA, cb, being 
radii, are ^ equal j the fides ad, db, are equal by 
fuppofition ; and the fide CD is common. Thefe two 
triangles, having the fliree fides equal, are therefore 
5 identical. -Whence the angles cd a, cdb, are equal, 
and confequently *** are right angles^ 

Cor. The two angles at c are alf6 i equal. 

Hence it appears, that any angle acb may be bi- 
fefted, by^efcribing from its vertex c as the center, 
with any radius ac, an arc afb ; bifefting the chord 
of that arc ab ; and then drawing, from the point of 
divifion D, the right line cd : for it may then be 
(hewn as in the propofition, that the triangles ago, 
dcb are identical, and confequently the angles at c 
equal. 

PROP. 
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PROP. XXXV. 



To find the center of a circle^ 




Let the circle of which it is required to find the 
center be agbf. Draw any chorcf ab -, bifedt it, and 
from the point of divifion d, raife a perpendicular 
rc : this line will pafs through the center, and confe- 
quently if it be bife£led5 the j^int of diviiion will be 
the center. 

If the center of the circle be not in the line tq% 
it muft be fomewhere out of it, for inftance at the 
point L. But this is impoifible j for if the point L 
were the center, the right line lM would be a radius^ 
and fince this line bifeAs the chord ab, it is 34 perpen- 
dicular to Atf s which cannot be, iince co is perpen* 
dicular to ab. 
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PROP. XXXVL 

To find the center of an arc of a circle. 




BX> 



Let ABDF be the arc of which it is required to 
find the center. Draw any two chords, ab, 'OF ; 
bife£t them, and from the points of divifion, raife the 
perpendiculars Mc, lc; the point c, in which thefe 
two perpendiculars cut each other, is the center of 
the arc. ' 

For 35 the perpendicular mc, and the perperidi* 
cular LC, both pafs through the center of the lame 
circle; this center muil therefore be the point c, 
yrhich is the only point common to the two perpen- 
diculars. 



PROP. 
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PRO P. XXXVli; 

If three equal lines meet in the fetae 
point within a circle^ and are terminated 
by its circumference, they are radii of 
that circle. 



The lines ca, cb, cd, drawri from ihH fame point 
c, within a circle, and terminated by it, being equal, 
the point c is the center of the circle. Draw the lines 
AB, BD ; bifed them, and let the points of divifion 
be F, G ; and draw the lines cf, co. 

In the triangles cFa, cfb, the fides ca, cb 
are eqi/al by fuppoiition ; the fides fa, fb are equal 
by conftrudion ; and the fide cf is common. Thefe 
two triangles have then the three fides equal : they 
are therefore 5 identical. Whence the two angles at 
f are equal, and the line fc (def. ii.) is perpendi- 
cular to the chord ab. And fince this perpendicular 

Y 2 - bifecls 
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bife^ the chord ab, it muft 35 pafs through the 
center of the circle. In like manner it may be de- 
monftrated, that the line gc alfo palTes through the 
center* Whence the point c is the center of the 
circle^ aud ca, cb, cd are'radii. 



y 
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PROP. XXXVIII. 
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If the radius of a circle is perpendicular 
to a chord, the radius bifeds both the 
chord and the arc of the chord. 




Let the radius cf be perpendicular to the chord ab ; 
the Hght line ad is equal to the right line db, and 
the arc af equal to the arc fb« Draw the right 
lines CA, cb* 

In the large triangle acb, the fide ca is < equal to 
the fide cb, becaufe they are radii of the fame circle: 
ibe angle a is therefore equal to the angle b. 

In, the two fmaller triangles ci)A) cdb, the angle A 
is 4 equal to the angle b ; the angles at d are right 
angles, and therefore equal i and the angles at c are 
confequently >3 equal. Alfo, the fide ca is equ^l to 
the fide CB, and 'the fide cd is common. Thefe two 
triangle having then two fides, and the angle con* 
taitied by them, ^qual, are 3 identical ; whence the 
fide Ad is equal to the fide db. Again, fince the 
an^Ieis A'CF, bcf are equal, the arcs af, bf, which 
meafure tbeft angles, are alfo equal. The^chord ab, 



'vad die «rc afb, iic therefore bifeAed by the radius cf. 
- F3 PROP. 
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PROP. XXXIX. 



A right line perpendicular to the ex* 
tremity of a radius^ is a tangent to the 
circle. 




Let the line ab pafs through the extremity of the 
^dius CT, in f'uch manner that the angles cta^^ 
CTB (ball be right angles : this line Ab touches the 
circumference only in one point x. If AB touches 
^he pircumference in any other point, let it be d^ 
a^nd draw the line cd. 

. In the right-angled triangle ctd, the fqiiare of 
the hypothenufe <;j> ii equal to the two fquares of 
^T and TD talcpp together. Thi; fquare of cd i$ 
therefore greater thap the fquare of CT, and cpnfe- 
quently the line cd is greater than the line CT> 
y^hich is a radius. Therefore the point d is out of 
the circiimference. And in like manner it may be 

(hewn. 



4l 



OFCIRCLES. 57 

ihewn, that every point in the line ab is out of the 
circumference except t ; ab is therefore a tangent to 
the circle. 

Cor. Hence it follows, that a perpendicular is the 
Ihorteft line which can be drawn from any point to a 
giren linei fince the perpendicular ct is fhorter than 
any other line which can be drawn from the point c 
to the line ab. 



• i ■-/ . 
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P R O P, ^L. 

If a right line be drawn touching aciF-^ 
cumferencc, a radius drawn^ to the pon^f 
pi coiitadt will be perpi^ndicular to the 

tangent. 




Let the line ab touch the circumference of a circle 
\n a point t ', the fadjus ct is perpendicular to the 
^ngent ab. 

^ For, all other lines drawn from the point . p to the 
|ine AB, mufl pafs out of the circle to arrive at this 
line. The line CT \% therefore the fliorteft whicl^ 
can be drawn from the point c to the line ab, an^ 
confequently (39 Cor.) is perpendicular to the line 
AB. 
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P R Q P, XLJ, 



The angle foi'med by a tangent and 
phord, is meafijred by half the arp of that 
phorcj. 




Let BTA be a tangent, and to a ehord drawn from 
the point of contaft r ^ the a/lgle at& is meafared 
. by half the arc t^i^ -, and the angle bt1> is meafare4 
by half the arc Top. Draw the radius CT to the 
point of cbnta<5f, upd the radias ti^ perpendicular tp 
the chord Tp. 

The radius cf, being perpendicular to the chord 
TD, 3^ bifeds the arc tfo. tf is therefore half the 

9rc TFD. 

In the trjanglp cml, the angle |a being a right 
angle, the two remaining angles are ^s equal to a right 
angle i whence the angle c is that which the angle L 
wants of a right angle. On the other fide, fince the 
fadius CT is perpendicular to the tangent ba, the 
-^ '' ' ' angle 
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angle atd is alfo that which the. angle t wants of 
a right angle. The angle atd is therefore equal to 
the angle c. But the angle c is meafured by the arc 

f 

tf; confequently, the angle atd is alfo meafured 
bj the arc tf, which is half of tfd, the arc of the 
chord TD. 




Again, the line td forms with the line ba two 
angles atd, btd, which are ^ ^ equal to two right 
angles, and confequently are meafured by half the 
circumference. But the angle atd is meafured 'by 
half the arc tfd. The angle btd muft therefore 
be meafured by half the arc tgd, fince thefe two 
halves of arcs make up half the circumference. 



PROP. 
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PROP. XLIL 



An angle at the circumference of a 
circle, is meafured by half the arc by 
which it is fubtended. 



B T A 



Let CTD be the angle at the circumference ; it 
has for its meafure, half the arc cfd by which it is 
fubtended. 

Supppfe a tangent paffing through the point t. 

The three angles at t are meafxired by half the 
circumference (fee prop. 22.) biit the angle atd is 
meafured 4* by half the arc td, and the angle btc by 
half the arc tc j confeqiiently the angle ctd muft 
be meafured by half the arc cfd, fince thefe three i \ 

1^1 ves of arcs make up half the circumference. \ 



PROP, 
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PROP. XLIII. 

The angle at the center of a circle is 
double of the angle at the circumference* 




Let the angle at the circumference adb, and the 
lingle at the center acb, be both fubtended by the 
fan^e arc ab; the angle acb is double of the anglQ 

ADB. 

For, the angle acb is meafured by the arc ab s and 
the angle adb is 4% meafured by half the fame arc 
^b : the angle acb is therefore double of the angle 
APB. 
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P R Q P. XLIV. 

Upon a given line, to defcribe a fegtnent 
of a circle containing a given angle. 



V 




Let AB be the giren Fine, and g the given angle : 
it is required to draw fuch a circumference of a circle 
through the points a and b, that the angle d ihall be 
equal to the angle g* 

For this purpofe^ draw the lines al, bx,, in fuch 
manner that the angles a and b fhaH be ^qual to the 
angle g ; *at the extremities of la, Ib, raife the per- 
pendiculars AC, bc ; and from the point c in which 
thefe two perpendiculars cut each other, with the 
xadius CA or cb, defcribe the circumference adb ; the 
angle p^will be equal to the angle Q. 

The angle lab, formed by the tangent al and the 

chord AB is 41 meafured by the half of the arc afb j 

and the angle d at the circumference is alfo meafured 

4* by the half of the arc afb : the angle d is therefore 

equal to the angle lab. But the angle la3 is made 

equal to the angle g > the angle D is therefore equal to 

th? angle g« 

PROP- 
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PROP. XLV. 



In every triangle, the greater fide is 
oppofite to the greater angle, and the 
greater angle to the greater fide. 



A jp 




In the triangle abc, if the fide ab is greater than 
the fide ac, the angle c oppofite to the fide ab, 
will be greater than the angle b oppofite to the fide 
AC. Draw the circumference of a circle through the 
three points a, c, b. 

Since the chord ab is greater than the chord ac, 
it is manifeft that the arc adb is greater, than the 
arc AFC ; and confequently, the angle at the circum* 
ference c, which is meafured 4* by half the arc adb, 
is greater than the angle at the circumference B, 
which is meafured by the half of the arc afc* 

Again, 
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Again, if the angle c is greater than the angle B> 
the (ije ab, oppofiite to the angle c, will be greater 
than the fide ac, oppofite to the angle B» 

The angle c is meafured 4* by half the arc adb^ 
and the angle b by half the arc afc. But the angle 
c is greater than the angle b ; the arc adb is there- 
fore greater than the arc afc ; and confequently, the 
chord AB is greater than the chord ac. 



r ' 
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PROP. XLVI. 

m 

Two parallel chords iaterccipt equal 
arts. 




If the two chords ab, cd are parallel, the arcs 
AC, BD are equal. Draw the right line bc. 

Becaufe the lines ab, cd are parallel, the alternate 
angles abc, bcd are '7 equal. But the angle at -the cir- 
cumference ABC, is meafured 4^ by. half the arc ac; 
and the angle at the circumference bcd is meafured 
by half the arc u> : the arcs ac bd are therefore 
equalt 
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PR 6 P. XLVlf. 

if a tkogent' and chord be parallel to 
each other, they intercept equal arcs^ 




Let the tangent fg be parallel to the chord Ad; 
the arc ta will be equal to the arc tb. Draw the 
right line ta- 

t . Ml. 

Becaufe the lines fg, ab are parallel, the alternate 
anglqs fta^ tab are '7 equal. But the angle ftA^ 
formed by a tangent and a chords ti.meafured 4> by 
half the arc TA; and the angle at the circumference 
TAB is meafured 4* by half the arc tb. The halves 

• of the arcs ta, tb,. and confequcntly the arcs them-^ 

; felves, are therefore ^^ual. 



PROP. 
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PR O P. XLVIII. 



The angle formed by the interfedion of' 
two chordSj is- meafured l^y h^lf t))e two 
arcs intercepted \yy the two cliords* 




Let the two chords ab, dp cut each other at the 
point c ; the angle fcb, or acd, is meafured by half 
. the tiara arcs, bb, Abu Draw ag parallel to i>> • 



«v ^t A 



Becaufe the lines ag, dp are parallel, the lolerior 
and exterior angles gab, fcb^ are >9 equal. But the 
angle at the ^iDCumference gab, is meafured by 4» half 
.theiarc qfb. . The angle fcb is tbei^fere alfo mea* 
fured by half the arc cfb* ' 






Becaufe the chordt ag, df are paraHel, the aries^ 
CF, AD are 4^ equal : ad may- tbe9^foF& be fubftitutd 
in the room of gf ; whence th^^^^e^ pes is ineafured 
by half the arcs ap^ FBt 

PROP* 
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? ^ Q fy XUX, 

The angle formed by two iecantsis mea^ 
Ihitidby half the iilffference of the f^o in- 
tereepted ]tfCs; ■ 



V V. • 4>ti^ « - . • ^ • 







Let the angle cab be \&rnried h% the two fecants 
AC, AB, this angle is meafured by half the difference 
of the ^ two arcs..6^>,,.j9R^^ intercepted , by. tNtwo 
fecants^;^ Draw.l>F.|)araJJ«l.^,AC. - ,. V r • .^ . « . 



• » » 



Becaufe* tKe lines^Ac, DF are parallel, the interior 

» - 

and exterior angles cab, fdb are i9 equal. But the 
angle fpb is meafured 4% by half the »rc fb: the 
angle gab is therefore alfo meafured by half the arc 

FB, 






. ; Bccaufe the chordlK'' GC, df ai-c pawllel, the jwnci 
Oil CF are 4^ equal. The arc tB is ther^foFs the dif- 
ference of the arc CD and the arc cfb. ^Whei'efofe^ 
the angle a has fpx its meafure half the difference of 

lfll«a!iC$GbiCFBf'-* 

• Ga JPROP, 
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PROP. L. 



The .angle formed by two Unge^ts .is 
meafured by half the difference of the two 
intercepted arcs. 







» » 






' Let theangle cab be foitned by the two taiigents 
AC, AB > this angle is meafiired by half the difference 
of the two arcs Qi^n^ gfd. Draw df parallel to 



AC. 



Becaiife the ^Unes AC, df are parallel, the inte* 
fior and exterior angles cab, fdb are '9 equal. But 
the angle fdb, formed by the tangent db and the 
chord df; is meafured 4*>by, half the. arc fd. 
Therefore ihfi i^gje cab is,i^fomeaf^redrhy half the 
arc FD. M ■ ••."•'• ^ ■ i . . . . 



14 



Becaufe the tangent ac and the chord, "ow arb 

parallel, the intercepted arcs CF^ cd are 47 equal* 

. « ;.j The 
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The arc fo is therefore the difference between the 
arc GLD and the arc gfd» Therefore the angle 
CAB) which is iheafured'by half the arc fd, is alfo 
meafured by half the difference of the arcs gld, 

CFD. 




Cor* In the fame manner it may be demonftrated, 
that the angle formed by a tangent atc, and a fecant 
ADB, is meafured by half the difference of the two 
intercepted arc§. 



«. * 
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PRO P. LI. 

To raifc a perpendicular at the extremity 
of a given line. 




At the extremity A of the giyen line A8» let it be 
required ta raiib a perpendicular. 

From apy point c taken above the line ab, defcrib^ 

< 

a circumference, paffing through the point a, arid cut- 
ting the line ab in any other point, as g. Draw the 
diameter gd, and the right line ap ; this line /iD will 
be perpendicular to the line ab* 

The angle dag at the circumference is meafured 
by 4* half the arc dfg, which is half the circumfe- 
rence, becaufe pcG is a diameter. The angle dag is 
therefore meafured by one fourth part of the circum- 
ference, anjd confequently (def. lO.) is a right angle, 
whence the line ad is '^ perpendicular to the line ab. 

Cor. Hence it follows that the angle at the circum- 
ference which is fubtended by a diameter, muft be a 

right angle, 

^^ • ^ PROP. 
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PR O P. LII, 

From any point without a circle to draw 
a tangent to that circle. 




From the point A'lct it be required to draw a tan- 
gent to the circle ptb* 

Draw, from the center c, any right line caj bi- 
feft this right line^ and from the pomt of divifion B 
as a center defcribe the arc cta. Laftly, from the 
point A, and through the point T, in which the two 
arcs cut each other, draw the right line at ; this right 
line AT will be a tangent to the circle dTb* Draw the 
iradiuscT* 

The angle CTA at the circumferepce, being fub^ 
tended by the diameter ca, is (51 cor.) a right angle | 
therefore the line ta is perpendicular to the extremity 
of the radius ct \ and confequently 4^ is a tangent to 

the circle DTB« 

ft 
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MENSURATION 
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S U R F A C E S* 



I 



DEFINITIONS. 

* XX Mathematical Point has neither length, breadth, 
nor thicknefs. The Phyjical Pointy of which we arc 
now to fpeak, has a fuppofed length and breadth ex* 
ceedingly fmalU 

2. A Phyjical Line is a feries of phyfical points: 
and confequently, Its breadth is equal to that of the 
phyfical points of which it is compofed. 

^. Since pbyiical lines are compofed of points, as 
numbers are compofed of units, points mav be called 
the Units of lines. 

^. As, tp multiply one number by another, is to 
take or repeat the firfl: number as many times as there 
are units in the fecond j fo, to multiply one line by 
another^ is to take or fcpeat the firfl: line as mafly times 
as there are units, that is phyfical points, in the fecond^ 

PROP. 
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PROP. LIII. 



The furface of a reiftang)e is equal tc) 
(he ptodaa of ils two fides. 
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Let the re^angle be abcd. If the phyfical line 
AB be multiplied by the phyfical line ad, the prodtiia 
will be the furface abcd. 

If as many phyfical lines, equal to ab, as there arc 
phyfical points in the line ad, be raifed perpendicu- 
larly upon AD, thefe lines, ab, ab^ &c. will fill up 
the whole furface of the re<5tangle abcd. Therefore 
the furf»ce abcd is equal to the line ab taken as 
many times as there are phyfical points in the line ad, 
that is, (def. 4.] equal to the line ab multiplied by 
tfie line AD. ■ 
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PRO p. . LIV. 

Thcfurface of a triangle is equal to balf 
the product of its altitude and bafe. 



p A 
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If from the vertex of any angle, a, of the triangle 
PAC, be drawn ai> perpendicular to the oppofite fide 
BC> this perpendicular is called the height^ and the 
fide BC the hafe, of the triangle. Now, the furface of 
the triangle is equal to half the producfi: of the height 
^D and the bafe ^c. 

Produce BC both ways ; through the point a, draw^ 
fG parallel to BC i and raife the two perpendiculars 
pr, CG, * 

< - r . f 

Becaiife the re£tangle bfcc and the tris^nglesAC 
are between the fame parallels ^d have the fame bafe^ 
fhe triangle is ^9 half the re&angle. But the furface 
of the redangle is equal 53 to the produft of bf and 
BC. Therefore the furface of the triangle is equal to 
half the produA of bf and bc, that is, of da and 

BC. , 
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P JR. O. P. LV. 

To meafure the furface of any re€Ulinea| 
figure. 




Lfet ABCDFA be the redHinca!: figure, of which it 
is ij^quired tp find the. furface. ^ • 



-• « t 



Divide the whole figure into triangles by drawing 
the lines ca, Cp. Then drawing a perpenditular 
from the point b to the fide ca, multiply thefc two 
lines : thehalf of their product will 54' give the furfece 
of the triangle abc. In the fartie manner let the 
furfaces of the remaining triangles acf, pcd be 
fotWhti;* ITiefc three furfaces added together will give 
the whole firfface of the figure abcdt a. ^' 
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To draw a triangle equal tQ a, given cifcle, 




Let It be required to form a triangle, the furface of 
which Ihall be equal to that of the circle agfda. 

At the extremity of any radius of the circle, CA^ 
raife a perpendicular ab equal to the circumference 
AGPD, and draw the right line cb ; the furface of 
the triangle bca will be equal to that of the curde 

AGF0A. 

The furface of the circle is equal 5^ to half the pro- 
du£t of the radius CA and the circumference or the 
line AB. The furface of the triangle is alfo equal 54 to 
half the produd of its height ca, or radius, and its 
bafe BA, or the circumference* Therefore the furface 
of the triangle is equal to that of the circle* 
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E i!irtbflM}£,oiie • quan^ Itc^another is the 
number of timcsT'^lmrh IhcfirlFxrofitains the fecond: 
thus the ratio of 12 to 3 is' four, becaufe 12 contains 
3 four times J ^ror more univerfally, rfltip i§.t^e com- 
parative -inagaitu4e of <ine quaivtky .withrefpedl %f 
another.*' 



'I * » t »• 



%. Four quantities are proporfionalsy or tn geometrical 
propBrtion^ or ^^ two quantities are faid toliave the fame 
ratio with two others,*' when the firft contains, or Is 
contaijied in^ the fecond, exadly the fame number pf 
times which the third contains, or*is contained in, the 
fourth. Thus the four numbers, 6, 3, 8, 4 are propor- 
tionate, becaufe 6 contains 3 as many times as 8 cpn- 
tsfins 4, and 3 is contained in fix as many times as 4 is 
"contained in 8) that is twice ; which Is thus expre(Ied» 
6is to 3 as 8 104, or 3 is to 6 as 4 to 8. 

PROP. 
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P R O P. LVltl. 

Parallelograms, which are between th£ 
fame parallels, are to one another as tneir 
bafcs. 



B p s c p t._ 




Let the two parallelograms abcd, FGl,'M,'be be- 
tween. the'rathe .parallels BL, am; the furf^ce of 
the parallelogram abcd, contains the fuiface c^' the 
.parallelogram fclm, as many times, exa^y,, as 
the bafe ad contains the bafe fm.. Suppofe, for 
example, that the bafe ad is triple of the., bafe fm.'; 
.in this cafe the furface abcd will alfo be triple of 
the furface folm. 

Divide the, bafe . ad into th^ parts,' each of 
which is equal to the bafe fh } and draw from, the 
points of divifion the lines np, rs parallel to the iide 
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The parallelograms abpn, fglm, being between 
the fame parallels and having equal bafes, the paral- 
lelogram ABPN is 3<> equal to the parallelogram fglm. 
For the fame reafon, the parallelograms npsr, rscd 
are alfo equal to the parallelogram fglm. The paral- 
lelogram ABCD is therefore compofed of three paral- 
lelograms, each of which is equal to the parallelo- 
gram FGLM. Confequently the parallelogram abcd 
is triple of the parallelogram fglm. 
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OF PROPORTION. 



PROP. LIXi 



Triangles which are between the fanie 
parallels are to one another as their bafes. 



M K 
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Let the two triangles abc, dfg be between the 
fame parallels lf, ag ; the furface of the triangle 
ABC contains the furface of the triangle dfg as 
many times as the bafp ac contains the bafe do* 
Suppofe, for example, that the bafe ac is triple of 
the bafe dg ; in this cafe the furface abc will be 
triple of the furface dfo. 

Divide the bafe ac into three equal parts ak, nr, 
RC) each of which is equal to the bafe dg ; and draw 
the right lines bk, br. 

The triangles abn, dfg, being between the fame 
parallels, and having equal bafes, the triangle abn 

is 
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is 3 » equal to the triangle dfg. For the fame rea- 
fon the triangles nbr, rbc, are each equal to the 
triangle dfg. The triangle abc is therefore com-, 
pofed of three triangles, each of which is equal to the 
triangle dFo. Therefore the triangle abc is triple 
jof the triangle dfg« 
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PROP. LX. 

Jf a line be drawn in a. triangle parallel 
to one of its fides, it will cut the other two 
iides proportionally. 




In the triangle bag, if the line df is partUel to the 
fide BC, it wilt cut the other two fides in fuch n^anner, 
that the fegment ad will be to the fegment db, as the 
fegment af is to the fegment fc. Suppofe, for ex- 
ample, the fegment ad to be triple of the fegment 
DB s the fegment af will be triple of the fegment fc* 
Draw the two diagonals dc, fb. 

The triangles afd, dfb are between the fame 
parallels ; as will be eafily conceived by fuppofing a 
line drawn through the point f parallel to the fide 
ab. Thefe two triangles are therefore to one ano^ 
ther 59 as their bafes ; and fince the bafe ad is triple 
of the bafe db, the triangle afd will be triple of the 
triangle dfb. 

Again, 
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Again,, the triangles bfd, foc are between the fame 
parallels df, bc, and upon the fame bafe df. Thefe 
two triangles are^ therefore 3< equal, and fince the tri<- 
anglc AFD is triple of the triangle dfb, it will alfo be 
triple of the triangle .fdc 

Laftly, the triangles adf, fdc arc between the 
fame parallels ; as will be eafily conceived-by fuppofing 
a line drawn throujgh the point d parallel to the fide 
AC. Thefe two triangles are therefore to one another 
59 as their bafes : and fince the triangle adf is triple 
of the triangle fdc, the bafe af will be triple of the 
J)afe fc. 
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PROP. LXI. 

Equiangular triangles have their homo* 
logous {ides proportional. 




A. C JP 

In the tyro triangles abc, cdf« if the ^ngle a is 
'equal to the angle c, the angle b equal to the angle 
D, and the angle c equal to the angle f; the fide 
AC, for example, oppofite to the angle b, is to the 
fide CF oppofite to the angle d, as the fide ab op- 
pofite to the angle c, is to the fide cd oppofite to 
the angle f. Place the two triangles fo that the fides 
AC, CF fhall form one right line ; and prodiice the 
fides AB, FD, till they meet in g. 

The interior and exterior angles gaf, dcf, being 
equal, the lines GA, DC are ^^ parallel. In like man- 
ner the alternate angles on the fame fide gfa, bca, 
bejng equal, the lines gf, Bcare*° parallel. Whence 
the quadrilateral figure bgdc is a parallelogram, 
and consequently, its oppofite fides are equal. In 
the triangle gaf, the line bc being parallel to 
the r.de gf cuts ^ the other two fides proportion* 
ally ; that is, ac is to CF, as ab is to bg^ or its 
equal co« 



/ 

I 



OF PROPORTION. 89 

PROP. LXII. 

Triangles, the fides of which are pro- 
portional, are equiangular, 

I-D 





. B o . 

In the two triangles bac, fdg, if the fide ab 
\s to the fide df, as the fide bc is to the fide fg,. 
and as the iide AC to the fide DO, thcfe two triangles 
have their angles equaK 

Let the fide ab be fuppofed triple of the fide df; 
the fide AC muft be triple of ^he fide dg, and tl>e fidp 
j^c triple of the fide fg. 

If the triangle fdg be not equiangular with the 
trian<yle bac, another triangle may be formed equi- 
angular wilrh it, for example flg. But this is impof- 
fible; for if the two triangles bac, flg were equi- 
angular, their fides would be ^^ proportional, and bc 
being triple of fg, ab would be trip e of lf: but 
ab is triple of df ; whence lf would be equal to 
$)F. For the fame reafon lg would be equal to no. 
Thus the two triangles flg, Fdg, having their three 
fides equal would be 5 identical ; 'which is abfurd^ 
fmce their angles are unequal. 

H 4 PROP. 
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P R O P. Lxiin 

» ^ ^ 

Triangles which have an angle in one 
equal to an ' angle in the other, and the 
fides about thefe angles proportional, are 
cqpiangular. 




If, in the two triangles bac, nmp, the angle a be 
equal to the angle m, and the fide ab be to the fide 
MN as the fide ac is to the fide MP, the twp triangles 
are equiangular. 

If AB be triple of mn, ac muft be triple of MP. 
Now, if the angle mnp, for example, is not equal to 
the angle abc, another angle may be made, as mnr 
which fhall be equal to it. But this is impoiSble : 
for, the two triangles bac, nmr having two angles 
equal, would be equiangular, and confequently ^« 
would have their lides proportional : whence ab being 
triple of MN, AC would be triple of MR; which can^ 
pot be, fince ac is triple of MP* 

PROP. 



r 
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PROP. LXIV. 

A right line which bifeds any angle of 
a triangle, divides the fide oppofite to the 
bifeded angle into two fegments, which 
^re proportional to the two other fides. 




In the triangle bac, let the angle bac be bifefted by 
the right line ad, making the an^le r equal to the 
^ngle X. The fegment bo is to the fegment DC, as 
jhe fide b a to the fide ac. 

Produce the fide ba, and draw cf parallel to da. 

. The lines da, cf being parallel, the interior and 
exterior angles, r, f, are '9 equal, and the alternate 
► angles, j, c, are '7 alfo equal. And fince the angle r 
is equal to the angle j, the angle f will alfo be equal 
to the angle c ; and confequently the ficj^ 4^F is equal 
to the fide AC. . ^^t 

In the triangle bfc, thejine ad bein^ parallel to the 

fide FC J hi> *• will be to DC, as ba is to af or its 

(^ual AC* 

PROP. 
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PROP. LXV. 



To find a fpurth proportional to three 
given lines. 



^et the three lines be a, b, c ; it is required to 
find a fourth line d, fuch that the line a fhall be to 
the line b. as the line c is to the line d. 

Form any angle rfg ; make fm equal to the line 
A, MC equal to the line B, and fn equal to the line 
C ; draw the right line mn, and through the point Gp 
draw GL parallel to mn ; nl will be the fourth pro- 
portional required. 

In the triangle flg, the line nm, being parallel 
to the fide lg, cuts the other two fides *• propor- 
tionally. Whence fm is to mg, as fn is to Nz.j| 
that is A is to b, as c is to d. 

PROP. 



Of P RO PO ?L T JON. ^2i 

PROP. LXVI. 

» 

To find a third proportional to tv^o 
given lines. 




Let the two lines be a, b ; it is required to find a 
third line c, fuch that the line A (hall be to the line 
B) as the line b is to the line c. 

Form any angle lfg s make fm equal to the liiie 
Ay MG equal to the line b, and FN equal to the line 
B : draw the right line mn, and through the point o 
draw GL parallel to mn ; nl will be the third pro- 
portional required* 

In the triangle flg, the line nm being parallel to 
the fide lg, cuts the other two fides fi«* proportionally. 
Whence fm is to MG as FN -is to kl s that is^ A is to 
3> as B is to c. 



PROP. 
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OF PROPORTION. 



PROP. LXVII, 

If four lines be proporttoaal^ the rec«- 
tangle or produdt of the extremes^ is 
equal to the rectangle or produft of th§ 
means. 



A 

B 
C 

3D 



— c 

A- 


y 


1 « D 


z 1 



Let the line a be to the line b, as the line c is to 
ther line d ; the refiangle formed by the lines A and 
D, is equal to the redlangle formed by the lines i| 
and c. 

Let the four lines meet in a common point, forming 
at that point four right angles ; and draw lines parallel 
tQ them tp complete the re£langles x^ y^ z. 



If the line A be triple of the line b, the line c will 
be triple of the line d. 

The redkangles or parallelograms Xj z, being be- 
tween the fame parallels, are to one another as their 

bafes. 



OFPROPORTIONi. ^ 

bafes. Since the bafe a is triple of the bafe B, the 
redangle x is therefore triple of the rectangle z. In 
like -manner, the redangles or parallelograms jr, z, 
being between the, fanie parallels, are to one another 
as their bafes : fince the bafe c is triple of the bife d, 
the refiangle y is therefore triple of the redangle z. 
Wherefore, t&e'reAangle x being triple of the redangle 
z, and the rcftangle y being triple of the fame rec- 
tangle z, thefc two redfangles x, and y, are e^ual'^ta 
one another. 
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b? PROPORtlON, 



PROP. LXVIII. 

Four lines, which have the redangic 
or produft of the extremes equal to the 
rectangle or produd of the means, are 
proportional. 



A 






B 


- ^ 


C 

7y 
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Let the four lines a, b, c, d, be fuch that the 
redangle of a and d is equal to the rectangle of B 
and c ; the line a will be to the line b as the Jine c 
to the line d. 



Let the four lines meet in a common point, form- 
ing at that point four right angles ; and complete the 
redbngles x^y^z. 

If ithe line a be triple of the line b^ the line c will 
be triple of the line d. 

The reSangles x and 2, being between the fame 
parallel, are to one another as their bafes. Since the 

bafe 
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bafe A is triple of the bafe b, the redangle at will 
therefore be triple of the redangle z. And the re£lan- 
gle y is by fuppoiition equal to the re&angle x : the 
rediangle y is therefore alfo triple of the reSangle 2. 

But the reflangles y, a, being between the fame 
parallels, are to one another as their bafes : therefore, 
lince the reftangle y is triple of the redlangle ^^ the 
bafe c is alfo triple of the bafe d. 



PROP. 



^3 OF?ROPORTION. 

PROP. LXIX. 

If four lines are proportional, they are 
alfo proportional alternately. 



A 

B- 

C 

D 



If the line A is to the line b as the line c to the 
line P i they will be in proportion alternately^ that is, 
the line A will be to the line c as the line b to the 
line D> 

Becaufe the line a is to the line b as the line c is to 
the line d, the reftangle of the extremes, a and d is- 
equal to the reftangle of the means b and c : whence 
it follows 68 that the line A is to the line c, as the line 
4 to the line D. 

Otherwife : 

Suppofmg the line a to be triple of the line B, the • 
line c will be triple of the line D. Hence inftead of 
faying A is to B as c to b, we may fay, three times b ;s 
to B as three times d is to d. Now u .s man.feft that 
three times b is to three times d. as b .s to d. There- • 
fore the line a (which is equal to three times b) is to 
the line c (which is equal to three times d) as ^he hne 
B is to the line p. PROP. 



/ 
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PROP. LXX. 



If four lines are . proportional, they will 
be proportional by compofition^ 



A 
c 



. Let die line; ^ A be to the line b as the line.c is to the 
hne J>'y they will be proportional by compoJki$n ; that is, 
the line. A joined to the line b, will be fp the line b^ 
as the line c joined to the line d, is to the line d* 

< 
If the line a contains the line b, for inftance, thr^e 

times, and the line c contains the line p three times; 

thejine a joined to the line b, will contain the line b 

four times >_and the line c joined to the line d, will 

contain the line d four times. Therefore the line a 

joined to the line s, is to the line b as th.e line c joined 

to the line s, is to the line D* 



I PROP. 
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PROP. LXXL 



If folir lines are proportional thay will 
alfo be proportional by diviuon. 



A- 



B 

C- 

D- 



If the line a is to the line b as the line c is to 
the line D, they will -be proporttoxlal by divifienj 
that is, the line A wanting the line ±y is to the h'ne 
B, as the line c wanting the line d» is to the line d. 

If the line a contains (he line B| for example, 
three times, and the line c contains the line n three 
times ;" the line, a wanting the line'B, will cohtaifl the 
fine B only twice : and the line C wanting the line d, 
will alfo contain the line d twice. Therefore the line 
A wanting the line b, is. to the line b, as the line c 
wanting the line d> is to die Khc d» 



PROP. 
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PROP* LXill. 

tf thvct fines are proportional^ the firft 
ir to the third/ as the fquare of the firft 
is to the fquare t)f the fecond^ 




Jr— 



If the line ci> is to the line c<^,as the line ed is to 
a third line x ; the line cd is to the line pr, as the 
Square of the line co is to the fquare of the line cd^ 
^ake er equal to the tine h^- akid draw t|lre peipeii- 
4icular' fb. 



• i • 



/, Since the. line €6 is to the line cd as the line cd i$ 
to the line CF, the re<£bngle of the extremes cf, cb 
or CL^ is equal ^7 to the re£langle of the means^ that 
is to the fquare of cd* 

Ag^in, the fquare of cpy and the reAangle cf the 
lines CF, cl, being between the fame parallels, are 
to one another sS as their ba(fc;» Therefore, CD is to 
€F, or Xy as the fquare 6f CD is to the redlangle of cF 
and CL) or to its equal the fquare of cd. 

la PROPt 
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PROP. LXXIII. . 

If two chords in a circle cut each other^ 
the redangle of the fegments of one is 
equal to the redkangle of the fegments of 
the other. 




Let the two chords ab^ cd in the circle cut each 
other in the point f^ the redangle of af, fb is equal 
to the redangle of ct^ rt>. Draw the two right lines 

AC. DB. 



-'( 



BecauTe in the triangles caf, bof tho angles i. sit 
the circumference a and d are both meaAired. 4^ by 
half the arc c^, they are equal. Becaufe the angles 
c and B are both tneafured 4» by half the arc ad, thefe 
angles are aifo equal. And the angles at f are equal 
becaufe they are vertical* Thefe two triangles are 
therefore equiangular, and confequently, ^^ their fides 
are proportional. Whence the fide ^af. oppofite.to 
the angle c, is to the fide fd oppofite to ihe angljSf b^ 
as the fide cf oppofite to the angle a, is to the fide 
FB oppofite to the angle d. Therefore «9 t^e i^eaa^gje 
of the extremes AF, fb is equal to the re£i;^gle of the 
means cf, fd. 

PROP. 
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PROP. LXXIV. 

I 

To find a meaii proportional between 
two given lines. 



*' 



c • 




Let there be two lines a, c ; it is required to find 
a third line b, fuch that the line a fball be to the line 
]99 as the line b is to the line c. 

Place the lines a and c in fuch manner that they 
(hall form one right line dcl ; and bifeA this right line 
in the point f« From the point f as a center, de- 
fcribe the circumference of a circle dmln; then, at 
at the point c, where the two lines are joined, raife 
the perpendicular cm j gm is the mean proportional 
fought between the lines A and c. Produce m« 

to N* 



I 3 Becaufe 



X04 



0# PROPORTION* 



Becaufe the chords dl^ mm cut each other at thf 
point G, the redangle of the fegments x>g» gl is 71 
equal to the rejbangleof the fegments J40» GN. 



^m^^t> 







Bec^uiie the radius fl is perpendicular to the chord 
MNy Ft 3' Vife£ls MN ; therefore gn is rqual to gm. 

Laftly» becaufe the reflangle of the extremes do, 
GL is equal to the re^angleof the means qm, gn or 
its«qual gm, vo is toGM, as gm is to €it. There-* 
iore GM rs a mean proportional betweeji do and G|.t 
that is, between th^ lines a and c« 



I^ROP. 
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PRO P,: LXXV. 

The bafts ivd altitudes of equal tri< 
angles are ia reciprocal or inverfe ratio. 




iT^STo 



Let the two triangles abc, bfg be equal: the 
bafe AC will be to the bafe dg, as the perpendicular 
I'M to the perpendicular bl, that is, the baies and al- 
titudes are in reciprocal or inverfe ratio. 

The triangle ABC is 54 half the produd or red:ang1e 
of the bafe ac and the altitude bl. Again, the tri« 
angle dfo is 54 half the produd or redlangle^of the 
bafe DG and the altitude fm* The two triangles being 
equal, the two re<^angles, which are double of the 
triangles will therefore alfo be equal. 

Again, becaufe the re£bngle of the extremes ac, 
BL, is equal to the re£bngle of the means dg, fm, 

^S AC is to DG as FM is to BL. 

1 4 P R O Pt 
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OF PROPORTION,* 



PROP. LXXVI. 



Triangles, the bafcs and aldtndes of 
!which are in reciprocal or ihverfc ratio, 
are equal* 





In the two triangles abc, bfg, if the bafe ac is 
to the bafe DC, as the perpendicular fm totheperpen- 
4icular Biri the furfac^s of the two triangles are 
equal f 

Becaufe ac is toDQ as fm is to Bt, the produdor 
rei&angle of the extremes ac, hh is ^7 equal to the pro- 
duAorre^angleof the means so, fm. The halves 
(27. Cor.) of tbefe two refiangles, namely, the tri*« 
apgles ABC, Df p, are therefore equal* 



.- ti< 
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t 

T R P P. LXXVII. 

Two fecants drawn from the fame point 
to a circle, are in the inverfe ratio of the 
parts which lie out of the circle. 




Let the two fecants be ca, cb; ca is tocB, as 
CD is to CF. Draw the right lines fb, da* 

In the triangles cda, cfb, the angles at the cir- 
cumference A and B» being both meafured 4* by half 
the arc fd, aie equal : and the angle c is common to 
the two triangles. Thefe two triangles are therefore 
91 equiangular, and ^^ have their fides proportional. 
Whence the fide c a of the firft triangle, is to the fide 
CB of the fecond triangle, as the f^de cd of the firft 
triangle is to the fide cf of the fecond triangle* 



PR O^ 
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PROP. LXXVIII/ 



The tangent to a circle is a mean pro* 
portional between the fecant^ and the 
part of the fecant which lies out of the 
circle* 




In the circle abd, cb being fecant and ca tan- 
gent; CB is to cAy as CA is to CD* Draw Che right 
lines AB, Ao» 

The triangles cab, coa have the angle c com- 
Qion to both. Alfo, the angle b is meaftifed 4^ bjr 
kalf the aic A7d $ and the /an^ cad, formed by 
ibe tangent ac and the chord ad, is meafured 
^> by half the fame arc afd. The two triangles 
CAB, cda, having then two angles equal, are 
^ equiangular, and confequendy ^i have their fides 
proportional. Hence the fide cb of the gteater 
triangle, oppofite to the angle cab, is to the fide 
CA of the fmaller triangle oppofite to the angle d. 






as 



L 
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ns the fide ca of the greater triangle^ oiy)ofite to the 
angle b, is to the fide cb of the fmaller. triangle, 
onfoiMc to the aogk a. 

Cor. This propofition fuggefts a new method of 
finding a mean proportional between two given lines. 
Take cb equal to one of the given lines, and CD 
equal to the other ; bifedi: db ; from the point of 
divifion as a center defcribe the circumference dab i 
and draw the tangent ca : this tangent is a inean prp* 
portional between cb and cd, as appears from the 
ition. 



PROP. 
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PROP. LXXIX. 

To cut a given line in extreme and meav 
ratio. 




Let it be required to divide the line ca in extreme 
and mean ratio : that is, to divide it in fuch manner, 
that the whole line fhall be to the greater part, as the 
greater part is td the lefs. 

At the extremity a of the line ca, raife a perpendi- 
cular AG, equal to half the line ca : from the point 
G as a center, with the radius ga, defcribe the circum- 
ference abb; draw the line cb through the center; 
and take CF equal to CD : the line ca will be divided, 
at the point f in extreme and mean ratio. 

Becaufe 7' cb is to ca, as c a is to cd, by divifion 7' 
CB wanting CA, or its equal db, is to ca, as ca want- 
ing CD, or its equal cf, is to cd ; that is, CD or cf is- 
to CA as FA is to CD or cf : that is inverfety, ca i$ to 
CF, as CF is to FA, or the line AC is cut in extreme and 
mean ratio. 

or 
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SIMILAR FIGURES. 



DEFINITIONS. 

l.Jr IGURES are Similar^ which are compofed of an 
equal nuiober of pbyfical points difpofed in the fame 







^ •► *s 



manner. Thus the figures abcdf» atc4^. are lunilaF^ 
if every, point in the firft figure has its cpi^rifirpQading 
point, placed in the. faide.man|ier,:iA the.lecand* 

Hence it follows, that If tlgie firft figure is» for ex« 
ample, three times greater than the fecond, the points 
of which it is compofed are three times greater than 
thofe of the fecond figure. 

2* In fimilar figures, thofe lines are faid to be bomo* 
kgous which are compofed of an equal number of cor- 
xffpondin^ points. 

PROP- 



112 OP SIMILAR VIGtrRES* 



PROP. LXXX. 

In fimilar figures^ the bomologoui 
fines are proportional. 







Let the fimilar figures be ABCDf, abt^t and the 
homologous lines , cAi ^^ ; ci^, c/i c a is to cf, as 
ta is to (/• .. * ... 

Since the lines ca, ta are homologous, they are 
^inbpoled of micqitat aamberof corre^Km^ing p<Hnl$ | 
19 are MyAor homologous lines cr, cf. If, for ex* 
bmple, iIm line- c a is compofed of 40e^al points, xni 
the line GF of 30 *, the line ca wiH^necefiarily be com-r 
|lo(ied o{ i|0 points, and the line cf of 2Pi ^<1 it is 
manifeft that 40 is to 30, as 40 to 30% Therefore CA 
is to €F as rtf to ,^* 



PROP. 
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PR O r. LXKXL 



The circur^ftrdnces of circles are as 
their radii. 




The ciicumfereaoe dcb is to the radias ab»< at 
the cii'cumference nUb is to the radius at* 

' All circles are limilar figure^,, that is, are tompateA 
df an equal ntiEDW of points^ diipofisd in (be ham 
mm^t: tbey liave Atrd^ >• di^t he^K>log<»» Una 
^oportionaL Therefore the circumference dcb is t9 
the radius AB^ asthe' circumference M is to the ra* 
dius ab. 
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SX4 OF SIMILAR PIOURBft* 



PROP. Lxxxn. 

Similar figures are to each other ^ as the 
fquares of their homologous fides. 





Let the two fimilar figures be a, a. Upon the 
homologous fides cD, cd form the fquares B, b. The 
iiirface A is to the furface a^ as theTquare B is to the 
fquare b. - 

\ 'Since the figujr^s A, a are fimihr, they are compofed 
of SMI equal numbtt of correfponding points j and 
finqe the homologous fides cd, cd^ are compofed of an 
cqud number of points, the fquares drawn, upcm thefe 
lines, B, b^ arealfo compofed of- an equal numbecof 
points. 

If it be fuppofed that the furface a is compofed 
of 1000 points, and the fquare b of 400 points; the 
furface a will alfo be compofed of 1000 points and 
the fquare b of 400. Now it is manifeft that looq 

is 
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IS to 400, as 1000 to 400. Therefore the furface a 
is to the fquare b as the furface a is to the fquare h \ 
and alternately ^9 the furface A is to the furface tf, as 
the fquare b to the fquare h. 

\ 

Cor. Hence it follows, that if any three fimilar 
figures be formed upon the three fides of a right-rangled 
triangle, the figure upon the hypothenufe will be equal 
to the other two taken together : for thefe three figures 

, ft 

will be as the fquares of their fides ; therefore, fince 
the fquare of the hypothenufe is equal to the two 
iquares of the other fides, the figure formed upon the 
hypothenufe will alfo be equal to the two other firpi- 
lar figures formed upon the otlier fides. 



K 
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P R OP. LXXXIIL 

Circles are to each other as the fquares cl* 
their radii. 




Let two circles, DCB, rfrf, be drawn/ 

the furface contained within, the circumference 
DCB, is to the furface contained within the circum- 
ference dcb^ as the fquare formed upon the radius ab to 
the fquare formed upon the radius ab^ 

The two circles, being fimilar figures, are com- 

pofed of an equal number of correfponding points. 

And the radii ab, ab, being compofed of an equal 

.number of points, the fquares of thefe radii will alftf 

be compofed of an equal number of points. 

^ Suppofe, foi* example, that the greater circle dck 
IS compofed of 800 points, and the fquare of the 

greater 
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gireater radius ab of 300 points, the fmaller circle deb 
will alfo be compofed of 800 points, and the fquare 
of the fmaller radius of 300. Now it is manifeft that 
800 is to 300 as 3oo to 300. Therefore the greater 
pircle DCB is to the fquare of its radius- ab, as the 
fmaller circle deb is to the fquare of its radius ab ; and 
;Jternately, the greater circle is to the leffer circle, as 
;the greater fquare is to thq lefler fquare. 
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PROP. LXXXIV. 
Similar triangles are equiangular. 

If the two triangles abc, abc be compofed of aii 
e(]ual number of points difpofed in the fame manner^ 
' they are equiangidar. 

For, fince the triangles abc, abc are fimilar 
figures, they have their fides 8» proportional : they 
are therefore ^* equiangular. 

T> B 

6 




PROP. LXXXV. 

Equiangular triangles are JBmilar. 

If the triangles Afic, ahc^ are equiangular, they 
are alfo fimilar. 

If the triangle abc were not fimilar to the triangle; 
abc^ another triangle might be formed upon the. line 
AC, for example adc, which fhould be fimilar to 
* tbe triangle ahc. Now the triangle adc being fimilar 
to the Jriangle ahc<^ will alfo 84 be equiangular to ahc^ 
whi^ch is impoffible, fince the triangle abc is fup- 
pofed equiangular to ah^n ' 

PROP. 
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PROP. LXXXVI. 

If four lines are proportional, their 
fquares are alfo proportional. 



A^ 

A D 





If the line ab is to the line Ac, as the line ad is 
to the line af ; the fquare of the line ab will be to 
the fquare of the line ac, as the fquare of the line 
AD is to the fquare of the line af. ' 

With the lines ab and ad form an angle bad ; 
with the lines ac and af form another angle caf 
equal to the angle bad ; and draw the right lines 
BD, cf. 

Becaufe ab is to ac as ad to af, and the con- 
tained angles are equal, the two triangles bad, caf 
have their fides about equal angles proportional : they 
are therefore 63 equiangular, and confequently *5 
fimilar. Whence they are to one another 82 as the 
fquares of their homologous fides. If then the tri*» 
angle bad be a third part of the triangle caf, the 
fquare of the fide ab ^ill be a third part of the fquare 
of the fide ac, and the fquare of the fide ad will be 
a third part of the fquare of the fide af. Therefore 
thefe four fcjuares will be proportional. 

PROP. 
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V 

PROP. LXXXVII. 

Similar reftilincal figures may be dt*^ 
yided into an ccjual number of limilar 
triangles, 





Let the fimilar figures be aqcof,, abcdf\ and 
draw the homologous lines ca, ca*, cf, cf\ thefc 
two figures will be divided into an egual number of 
flmilar triangles. 

The triangles bca, bcay being compofed of an equal 
number of correfponding points, are fimilar. The 
triangles acf, acf\ and the triangles FCD,fcd arc alio 
fimilar for the fame reafon. Therefore the fimilar 
figures ABCDF, atc^^y are divided into an equ4 num^ 
ber of fimilar triangles* 



PROP. 



OF SlMitAR FIGtJKJSS« 121 



PROP.' LXXXVIII. 



Similar figuires are equiangular. 



"^ The fimilar figures abcdf, alcdf^ [fee fig. on the 
oppofite fide] have their angles equai. Draw the 
homologous lilies CA, ca \ cf, cf. 

The triangles bca^ hca are fimilar, and confequenti/ 
equiangular. Therefore the angle B is equal to the 
angle h^ the angle bac to the angle hac^ and the angle 
BCA to the angle hca. The triangles acf, acf-y fcd, 
fcd^ are alfo equiangular becaufe they are fimilar. 
Therefore all the angles of the fimilar figures abcdf^ 
abcdfzv^ equal* 
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y 

PROP. LXXXIX. 

Equiarigulaf figures/ the fides of whictt 
arc proportional, are fimilar. 




c. 



air 



I 1 

If the figures abcdf, ahcdfhzvt their angles equal, 
and their fides proportional » they are fimilar* Draw 
the right lines ca, fa; cf, cf» 

The triangles cba, cba have two fides proportional 
and the contained angle equal ; they are therefore 
*3 equiangular, and confequently ^5 fimilar. The lines 
CA, ca are therefore *° proportional. 

The triangles CAF, r^ have two fides proportional, 
and the contained angle equal $ for, if from the 
equal angles baf, haf be taken the equal angles 
BAC, hac, there will remain the equal angles c af, caf* 
Thefe two triangles are therefore equiangular, and 
confequently fimilar. In the fame manner it may be 
proved, that the triangles cfd, f/y are fimilar. 

The two figures abcdf, ahcdf are then compofcd 
of an equal number of fimilar triangles ; that is, they 
are compofed of an equal number of points difpofed 
in the fame manner, or are fimilar. 

P R O ?• 
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definitions; 

^t. A PLAK£ is a fttrfacefuGh that!/ aright line^ 
ap{di€d to it» touehes it in two points^, it will touch 
it in erery 0tll6i<'pdiiit. Tli« iyrfa«& of a fturd at reft, 
or of a well^poliihed table, may be ednfid^red as a 
Plane. 

2* A right line is perpendicular to a plane, if it 
makes right angles with all lines whiqh can^ be drawn 
from any poiht in that plane. Thus 



B 






HA U ptrpeadicWar to the fiJahc Ml^^r?^, becaufe it 
makes right angles with the lines am, ax., aq> &c. 
drawtt from the point a. * 

L 3. Let 
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OF PLANE »; 




3. Let AB be the cdmmon intetk&ion of two 
planes. If two right lines lm, fc be drawn in 
thefe two planes perpendicular to the line ab, thefe 
will form four angles at the point c, which are called 
the Inclinations' of the two planes^ or the angles fonned 
by the two planes. 




M 




4'. If the line ab revdlves about itfelf without chang^^ 
ing its place, the line ac^ which makes an acute angle 
with AB, will defcribe, in the revolution, a concave 
furface lac ; and the line ad, which makes an obtufe 
angle with AB, will defcribe in the revolution a convcpc 
furfi^ce, MAD. 
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5* But the line af, [fee fig. def. 2.] which makes 
a right angle with ab, will defcribe in the revolution 
a fur&ce which will be neither concave nor convex, 
but plane: and the line ABwill be perpendicular to 
the plane mlgfpn, becaufe it will make right angles 
with the lines am, al, ag, &cr drawn from the point 
A in that plane* 
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i» Two planes are PardlUl^ when all pcrpendioulars 
iirawn from one to the other are equal. 
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PROP. XCIL 



The common interfedioii of two planes 
is a right line. 




Let the two planes albma, afsga interfed); each 
6ther ; the line which is common to both is a right 
line. Draw a right line from the point a tp the 
point B. 

Becaufe the right line ab touches the two planes in 
the points a and B,'it will touch them [def. i.] in all 
other points : this line is therefore common to thjs 
two planes. Wherefore the common interfe<Sion of 
the two planes is a right line. 
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P R O P. XCIII. 

If thrde points, not in a right line, are 
common to two planes, thefe two planes 
are one and the fame plane. 




' Let two planes be fuppofed to be placed upon one 
another, in fuch manner that the three points, a, b, c 
ihall be common to the two planes ; all their other 
points will alfo be common, and the two planes will 
be one and the fame plane. The point d, for ex- 
ample, is common to both planes. Draw the right 
lines AB, CD. 

• » 

Becaufe the right line ab touches the two planes 
in the points a and b, it will touch them fdef. i.J in 
every other point 5 it will therefore touch them in the 
point F. The point f is therefore common to the two 
planes. 

Again, becaufe the right line cd touches the two 
planes in the points c and f, it wiU tolich it in the 
point D : therefore the point d is common to the two 
planes. The fame may be ihewn concerning every 
other point. Wherefore the two planes coincide in 
all points, or are one and the fame plane* 

PROP. 
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PROP, XCIV. 



If a right line be perpendicular to two 
right lines which cut each other, it will 
be perpendicular to the plane of thefe 
right lines. 



B 




Let the line ab make right angles with the lines 
AC, AD s it will be perpendicular to the plane which 
paiTes through thefe lines. 



If the line ab were not perpendicular to the plane 
FDCG, another plane might be made to pafs through 
the point a, to which the line ab would be perpen- 
dicular. But tl^s is impoffible : for Hnce the angles 
BAC, BAD are right angles, this other plane [def. 2.] 
muft pafs through the points c, d ^ it would there- 
fore 93 be the fame with the plane Fncc, fince thefe 
tvro planes wc^d have three common points a, c, d. 

» PROP. 
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PROP. XCV. 



From a given point in a plane, to raife 
a perpendicular to that plane. 
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Let it be required to raife a perpendicular from tj|ie 
point A in the^plahe lm. 

' Form a reSangle cdfg, divide it into two reft- 
angles, having a common fe£tion ab ; and place thefe 
redangles upon the plane lm in fuch manner that the 
bafes of the two re£bngles AC9 AG iball be in the, 
plane lm, and form any angle with each other; the 
line AB (hall be perpendicular to the plane lm. 

The line ab makes right angles with the two lines 
AC, AG, which by fuppofition ar^ in the plane lm : 
it 15 therefore 94 perpendicular tou^he plane lm. 



N 



• PROP* 



13* 



OF FLAME S% 



PROP. XCVI. 



Two planes cutting each other at right 
angleSy if it right line be drawn in one of 
the plane$ perpendicular tQ their commoa 
interfedlion, it will be perpendicular to the 
other plane^ 




Let the two planes afbg, alrm cut each other at 
right angles : if the line lc be perpendicular to their 
cottimoii interfeftion, it is alfo perpendicular to the 
plane 4FBQ* Draw CG perpcadicu|ar to ae. 

JSecaufe the lines ct, CG are perpendicular to the 
common jnterib£lion ab, the angle ccg [def. 3. J is the 
Jingle of inclination of the two planes. Since ther twa 
planes cut each other perpendicularly, the zng\t of 
Ificlittation ^CQ is therefore a right angle, 

* Af^d bccauie^ thje Jine %q is perpendicular to thg tWQ 
lines c A, ce in the plane asbQj i% h H pecpendji^tdsiy 
to the plane af9C. 

PROP. 
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PROP* XCVII. 

tf one plane meets another plane, it 
makes angles with that other plane, 
which are together equal to two right 
unglesi 




Let the jpiane aI-BM meet the plaiie afbg ; thefe 
planes will make with each other two angles which 
will together be equal to two right angles. Through 
any point c^ draw the lines FO, lm perpendicular ta 
the line ab. 

Th* line €& mAke^ Wit:h the line 9Q two angles 
together equal to two right angles. But thefe two 
angles are [def. 3.] the angles of inclination of the 
two planes. Therefore . the two planes make angles 
with each other, which are together equal to two 
right angles* 

• CaR. It may he demonftrated in the fame manner 
that phnes which interfeft each other, have their 
vertical angles equal, that parallel planes have their 
alternate angles equal, &c. 

O P R O ?• 
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PROP, xcvni. 



If two planes are parallel td each other, 
aright line which is perpendicular to one 
of the planes will alfo be perpendicular ta 
the other, 

Xdt ly-l** 

I 
j 
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Let the two planes lm, fg h% parallel. If the line 
BA be perpendicular to the plane fg, it will alfo be 
perpendicular to the plane lm. From any point c in 
fbe plane lm draw CD perpendicular to ^he pla^e fg^ 
and draw bCj ad, 

Becaufe the lines ba» cd are perpendicular to the 
plane fg, the angles a, d are right angles* 

Becaufe the planes lM, fg are parallel, the per- 
pendiculars AB, DC [def. 6.] are equal j; from 
whej>ce it follows, that the lines bc, ad are parallel* 
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The line ba, being at right angles to the line 
AD, will alfo <3 be at right angles to the parallel line 
sc. The line ba is thfrefpre perpendicular to the 
line BC. 

In the faiqe mann^ it may be demonftrated that 
tlie line ba is atright angles to all other lines which 
can be drawn from the point b in the plane lm* 
Therefore [def. z.) the line ba is perpendicular to the 
plane lm, 
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DEFINITIONS. 

i. A. Stlidf as we have faid, is that which haa' 
length, breadth, and tbicknels. 

2. A Polyhtdrott» is a folid torminattd by plaae 
furfaces. 

3. A PriftHt is a folid terminated by two identical 
plane bafes paiallel to each other, and by liufacec 
which are parallelograms. 



4. A Parai~ 



irej^anmelograms* . 

> • t I . ■ . • . * 
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5* A Cubi^ is a folid terminated by fix fquare fur«« 
bfiliit a die^ for c;^ 9mide> is a cuke» . ; 




6. If right lines be raifed from every point in tlie 
perimeter of any redilineal figure^ and meet in one 
common point, thefe lines together with the redlilineal 
Sgiire^ incloft a folid which is ealkd a l^yramU. 




7. A C^ndit 
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7* A CylindiT is a folid terminated by two b^es 
which, are equal and parallel circles, and by a ccm^w 
furfiice s ^^ or, it is a folid formed by the revolution 
^ a parallelogram about one of its fides/' 



,.«!>»•« 



8. If right lines be raifed from every point in tfi^ 
circun^erence of a circle, and meet in one common 
point, thefe lines together with the circle, inclofe A 
iblid which is called a Cwt. 

m 




9* A femicircle, revolving about its dimeters 
forms a folid' which is called a Sphert* 
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ic. If from the vertex of a folid, a perpendicular 
be let fall upon ,the oppofite plane^ this perpendicular 
is called the Jhitusbt of the folid^ In the pyramids 
ACD, A^d^ AB3 Kb are their refpedlive altitude^* 




'if. 'Solids are iaid to be equalj -if they inclofe an 
equal fpace : thus a cone and a pyramid are equal folids 
if the fpace inclofed within the cone be equal to the 

ipace inclofed within the pyramid. 

- » 
12. Similar foUds are fuch as confift of an equal 
number of phyfical points, difpofed in the fame manner. 

Thus {in the fig. def. lO.] the larger pyramid acd^ 
«nd the fmiffler pyramid Araf are fimilar iotids, if every 
point in the larger pyramid has a point correiponding 
to it in the fmaller pyramid.* A hundred mufket- 
bullets, and a hundred cannon-balls, difpofed iiv the 
fame mtxmers form two (imikr folids. 
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PROP. XCIX. 



The folid content of a cnbe is equal 
to the product of 'one of its fides twice 
multiplied by itfelf. 




' > 



. Let the lines ad, ab be equal. Let the line ad, 
drawn perpendicular to ab, be fuppofed to mov^ 
through the whole length of ab : when it is arrived at 
^C, and cioincides . with it, it will have formed th« 
iqua^e da^c, an^, will have, been multiplied by tlie 
line AB. 



Next, let the line af be drawn equal, to ad 'and 
perpendicular to tb^ plane PABC^ and fuppofe thp 
plane dabc to move perpendicularly through the whole 
length of the line af ; when it is arrived at the plane 
M^QL s^id coincides with jt, it will have formed 

tht 



O.F S O-L I D 9,^ ' 



t4i 



the cube aflc, and will have been multipired by the 
the line af. 

« Hence it appe^s» -that to form the cube aflc, it 
js neceflary firft to multiply the fide ad by the fide ab» 
equal to ad ; and then to multiply the produA, that 
is the fquare of ac, by the fide af equal to ad ; that 
is, it is^^neceflary to multiply ad by ad^ and to mulr- 
tiply the prpdud again by ad. 



i , 
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PROP. c. 

Similar folids have their homologous 
liBes proportional. 



m 



Let the two folids a, a be fimilar ; and let their hcM 
mologous lines be ab, aby bg, bg : ab will be to BQf 

as ab to bg. ' 

Becaufe the folids a, a are fimilar, ereqr point in 
the folid a has a point correfponding to it, and dif- 
pofed in the fame manner, in the folid a* Thus if the 
line AB is compofed of 20 phyfical points, and the line^ 
BG of lo, the line ab will be compofed of 20 cor- 
lefponding points, and the line bg of 10. Now it is 
evident, that 20 is to 10 as 20 to 10 : therefore abis 
to BG as ab to bg. 



prop; 
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PROP. CI. 



Similar folids are equiangular. 



Let the foUds [iee fig. on the oppofite .page] A» « be 
ftmilar ; their cortefponding angles are equal* 

Becaufe the folids a, a, are fimilar, the furfaces 
BAF, hafj are compofed of an equal number of points 
^fpofed in the fanro : manner. Thefe furfaces are 
therefore fimilar figures^ and confequently ^^ equian- 
gular. The angles b, a, f are therefore equal to the 
angles by a, fi Inthe fame maiiner it may be demon- 
jlrated that the other oorrefpondent angles are equal. 
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Solids which have their angles equal 
atid their fides proportional^ are fimilar« 






U «be foli4$ a« a htve tht ir angles tqual and Aei# 
iU^ {mpoitionalt tliejr »8£aaiar« 

For if the folids m jr wtte not Uinilar^ aaodbef 
folil mif^ be fcmnod iqpim the Une sf fiailar to 

the folid a. But this is impoffible. For^ in order 
to fonn this other folid, fome angle or fon^e fide 
of the foltd A muft be increased or diminiflied ; and 
then this new folid would not have all its angles 
^qual, and all its fides proportional, to thofe of 
the folid a: that is, «•• «•* would not be fimi- 
lar« 
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PROP- cm. 

Similar folids^ are to one another as the 
wbes of their homologous fides. 



\ 





Let A^ ^ be two ilmilar folids : the Iblid a con- 
tains the folid tf, as many times as the cube formed 
upon the fide bf contains the cube formed upon the 
fide^/ 

Becauie the foUd a is fimilar to the folid a, every 
point in the folid a, has its correfponding point in 
the folid a* From whence it follows that if the fide 
BF is compofed, for example, of 50 points,, the fide 
tf will alfo be compofed of 50 points : and conie- 
quently, the cubes formed upon the fides bf, bf will 
be compofed of an equal number of points. 

Let it then be fuppofed that the folid a is com- 
pofed of 4000 points, and the cube of the fide bf 

Q^ of 
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of 50OQ points; the folid a muft be compofed 
^of 4oeo points, and the cube of the fide hf of 
5000 points. Now it is evident that 4000 is to 5000 
as 4000 to 5boo. Therefore the folid a is to the 
cube of BF, as the folid a to the cube of bf: and 
alternately, the folid a is to the folid a^ as the cube 
of BF to the cube of hf. 



/ — AS 



Cor. It may be demonftrated In tfiie fame manner, 
that the fpheres a, ir, which are fimilar folids, are to 
one another as the cubes of their radii ab, ab. 
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PROP. CIV. 



The folid content of a perpendicular 
prifm, is equal to the product of its hafe 
and height. 



P 
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The folid content of the perpendicular prifm 
A3CD, is equal to the product of its bafe ad and 
height AB» , 

If the lower bafe ad be fuppofed to move perpen* 
djcularly along the height ab, till it coincides with 
the upper bafe pc> It will have formed the prifm 
ABCD. Now, the bafe ad will have been repeated 
as many times as there are phyfical points in the 
height AB. Therefore the folid content of the prifm 
ABCD, is equal to the produ^ of the bafe multiplied 
\iy the height. 

CoR. In the fame manner it may be demonftrated, 
that the folid content of the perpendicular cylinder 
ABGD, is equal to the produ<^ of its bafe ad and 
height AB. 

Q^a PROP. 
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PROP. CV. 



The fblid content of an inclined prifm. 
Is equal to the prodod ts( its bafe an4 
beight. 




Let the inclined prifm be gp ; it iS equal to the pro- 
iaSt of its bafe rp and height cd. 

Conceive the bdfe kb of the perpendicular prifm 
NAt SJid the bafe.KP of the inclined prifm pc, to 
move on, in the faitie time, parallel to thcmfelves j 
when they have reached the points a and c, each of 
them wilt have been taken over again the fame num- 
ber of times. But the bafe kb will have been taken 
over again *•* asf many times as there arc phyfical 
points in the height cd. The bafe rp will therefore 
llave iKca ukenover again as ihany tioias as there arc 
l^ylical i^oiats in co^ Confequcntty th« folid coif* 
fcuit of the ioclined prrfoi cp^ ibe^ual to theprodu^ 
of its bafe Rp and height CD. 

PROP, 
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• In a p^amid,-a fenftiMi pariall«l to th* 

t)<e U itfflilaF td the bafe. ' ' 
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Let the: fe£lion c^ be parallel to the bafe cc ^ this 
fe6lion is a figure iitnilar to the bafe. Dr^ At 
perpendicular to the bafe cd; draw alfo bc. Be; 
BE, be. 

Becaufe the planes cd^ co are parallel, ab, being 
perpendicular to the plane CD, will alfo 9^ be perpen- 
dicular to the plane cd: whence the triangles Ahc, abc, 
having the angles by B right angles, and the angle a 
common, are equiangular. Therefore ^< At is to AQ 
as be to BC, and as Ac to AC, ^ 

In like manner.it may be proved that Ab is to ab 
as be to BE, and as Ae to Ae« Confequently, if 

A* 



f» 



Ij|Q O F S.O L I D «. 

Ab is one third part of ab, be will be one third part 
of BC, be the fan^^ of be, ^c of Ac, and A/of iae« 

Again, in the two triangles, rA/, cae there are, 
about the angle a, eooimdn to. bothy t^ro fides pro- 
portional j they are therefore: ^\ equiangular, . and 
confequently ^' have their other fides proportional. 
Therefore ee will alfo be one third part of CE« ^ 

The two triangles ^^^, cbe, having their fides prow 
portional, are therefore ^9 fimilar. The fan^e may 
be demonftrated concerning all the other triangles 
which form the planes cdy cd. Therefore the fedioi^ 
ed is fimijar to the bafe cp. 

Remark. If the perpendicular ab falls out of th^ 
bafe, by drawing right lines from the points A, b, it 
jnay be demoDftrated in the f^in^e m4pn©r, th^ thQ 
fe^ion is fimjlar tq tJ?e {^afjj. , 
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In a pyramid, fedcons paralkl to the 
bafe are to orie anotncr as the fquafes of 
their heights. 




Let CD, cd be parallel fedlions. From the vertex 
A draw a perpendicular ab to the plane cd : the 
plane cd is to the plane cd, as the fquare of the 
height Ab is to the fquare of the height ab. Draw 
BC, be. 



The line AB, being perffciidicular to the plane cd, 
will alfo 9^ be perpendicular to the parallel plane cd: 
whence the angle Abe is a right angle, and al(b the 
angle abc : moreover, the angle at a is common to 
the two triangles Abe, abc : thefe two triangles are 
therefore equiangular. Therefore ^' the fide cb is to 
tjie fide cb, as the fide Ab to the fide ab ;' and con- 

fequ^tly. 
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fequently, the fqbare of cb is to the fquare of cs, as 
the iqnare of Ab to the fqu^ure of ab. 

The planes cd CD, being *^^ fimilar figures, are to 
ooe vio^er ^^ z» die fquarcs of the homologpus lines 
ckj CB $ the]r are therefore alfp as the fquares of th« 
heights Ab\ ab. 

Cor. In the fame manner it may be demonftrated^ 
that in a cone the fe£lions parallel to the bafe are t^ 
one another as the fquares of the heights, or perpendi-* 
cular diftgJ^es from the vertex* 
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Pyramids of the fame height are to one 
another as their bafes. 




Cii^ 




trct A, F, be two pyramids. If the perpendicular 
Ab is eqaal to the perpendicular fg, the pyramid a 
Is to the pyramid f, as the bafe cd to the bafe lm. 
Suppoling, for example, the bafe cd to be triple of 
the bafe lm, the pyramid a will be triple of the pyra- 
mid f. 



.Two fe&ions, cdy hn^ being taken at equal heights 
A^> F^ ; the fe£tion cd is ^^7 to the bafe v, as the ' 
fquare of the height ab to the fquare of the height ab : 
and the fe£tion lm is to the bafe lm, as the fquare of 
the height Tg to the fquare of the height fg. And 
becaufe the heights are equal, ab to fg, and Ab to 
tgj the fe£tion cd is to the bafe cd, as the fe£tioA 

R lm. 
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Im to the bafe lm ; and alternately, the fedian cJ is t0 
the fe&ion Imj as the baie cd is to the bafe lm* 
But the bafe cd is triple of the bafe 1m, therefore 
the fc&ioa cd is alfo triple of the feAion Im^ 





Becaufe the heights ab, fg are equal, it is manifeft 
that the two pyramids are compofed of an equal num«» 
ber of phyfical furfaces placed one upon another* 
Now it may be demonftrated in the fame manner, that 
every furface or feAion of the pyramid a is triple of 
the correfponding furface or feftion of the pyramid f* 
Therefore the whole pyramid a is triple of the wholtt 
pyramid f. 

Co&. Hence it follows, that p]rramid$ of the fame 
height and equal bafes, are equal i fince they are to one 
another m their bafes. 
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A pyramid^ whofe bafe is that of a cube^ 
aii^ wfaojfe vertex is at the center of the 
cube, is equal to a third part of the pro* 
dud of it3 height and bafe« 



twndaq 
iwupm Spot. 
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Let the cube am and the pyramid c hav^ the fame 
bafe AO, and let the vertex of the pyramid be at the 
center of the cube c ; this pyramid is equal to a third 
part of th^ produd of its height and bafe. 

ppnceive right lines drawn from the center of the 
ipub^ to its eight angles A, B, D, F, n, Gf L, M j the 
cube will be divided into fix equal pyramids, each of 
which has one furface of the cube for its bafe, and 
half the height of the cubp for it^ height ; for ex- 
^ple^ the p^jamid cabdf» 

R3^ . Three 
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\ Three of thefe pyramids will therefore be equal t« 
half the cube. Now the ibiid content of half the cube 
is equal to the produA of the bafe and half the height : 
[compare Prop. 99.] Each pyramid will therefore be 
^qual to one third p4rCpf the pmla£{ of the bafi^ and 
half the height of the cube, that is the whole, height 
pf the pyramid. / 



PROP. 



OF aax^iDs* 
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PRO P. ex. 

The fblid content of a 
equal to a third part of the 
its height and bafe. 



pyramid is 
produ(3; of 
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• * • X'et RPS be a pyramid ; its folid content is equal tc^ 
.^^ third part of .the produ^ of its height and its bafe 

'• Vs.- - • ^ 

^orm a cube, the height of which, bI/, is double 
. of the height of the pyramid rps. A pyramid, the 
- hzk of ^hich is that of this cube, and the vertex of 
'-which is c the center of the cube, will be equal to a 



• ^••*./ 



>t^ .third' part of the produiSt of its bafe and height. 



«- 



c 



••* .^he pyramids c and p have the fame height ; they are 
therefore [Prop, io8. Cor.] to one another as their bafcs. 
If the bafe afdb is double of the bafe rs, the pyra- 
mid c will therefore be double of the pyramid p. 

But the pyramid c is equal to a third part of the 
produ£t of its height and bafe« The pyramid p will 
therefore be equal to a third part of the product of the 
fame height and half the bafe afdb, or, which is th6 
fame thing, the whole bafe rs. 

PROP; 
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PROP. CXI* , 

The folid content of a con^ is equal to 
a third part of the produdt of its height 

and bafe. 

For the bafe of a cone may be confidered as a poly- 
gon compofed of a great number of e3(ceedingly fmaU 
fides : and cofifequently the cone may be confidered as 
a pyramid hayipg a great number of exceed ingly.fmal) 
furfaces : whence its folid content will be equal >i^ 
to one third part of the produfk of its height ai\d bsifc*.' - 

P R O P. CXII. 

The folid content of a cone is a third 
part of the folid content of a cylinder dc;- 
icrihed about it, 




Let the cone bac, and the cylinder bdfc have the 
fame height and bafe, the cone is a third part of the 
cylinder. 

For the cylinder is equal to the produd of \t^ 
height and bafej and the cone is equal to a third part 
of this produ£l ; therefpre the cone is a third par^ of 
tbc cylinder. 

PROP. 



r 
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PROP CXIII. 



m 



The folid content of a fphere is equal 
to a third part of the produdt of its radius 
and furface« 




^wo points not being fuflScient to make a curve 
line, three points will not be fufficient to rbake a curve 
furface. If therefore all the phyfical points which 
compofe the furface of the fphere c be taken, three by 
three, the whole furface will Jbc divided into exceed- 
ingly fmall plane furfaces i and radii being drawn to 
each of thefe points the fphere will be divided into 
fmall pyramids which have their vertex at the center, 
and have plane bafeSk 

The folid contents of all thefe fmall pyramids will be 
equal <<*' to a third part of the produA of the height 
and bafes. Therefore the folid content of the whole 
jphere will be equal to a third part of the produdl of 
the height and all the bafes, that is, of its radius and 
furface. 

PROP. 



i6a 
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PROP. CXIV. 



The furface of a fphere is equal to four 
of its great circles. 




If a plane bife<9: a fphere, the feftion will pafs 
through the center, and is called a great circle of the 
fphere. 

Let ABCD be a fqaare; defcribe the fourth part 
of the circumference of a circle Bh^ ; draw the diago* 
nal AC, the right line fm parallel to ad, and the right 

line AL. 



In the triangle abc, on account of the equal fides 
AB,- BC, the angles a and c are 4 equal ; therefore 
fince the angle b is a right angle, the angles a and c 
are each half a right angle. Again in the triangle 
AFG, becaufe the angle f is a right angle, and the 
angle a half a right angle, the angle g is alfo half a 
right angle ; therefore *^ af is equal to FC. 

The 



The radius al is equal ta the radius: ad | but ap U^ 
jl^lial to FM ; tbj^refore al is eqval to fm. 

In the^i-edlangMlar triangle AFt, the fquare of thf 
Hypothenufe al is equal 3» to the two fquares of af 
and Fj: taken together. Inftead of al put its equal 
FM, and inftead of a^ put its equal fg ; and the fquare 
of FM will be equal to the two fquares of FC and Fi^ 
taken together* 

Conceive the fquare abcd to revolve about the line 
AB. In the revolution, the fquare will defcribe a cy- 
linder, the quadrant a hemifphere, and the triangle 
ABC an inverted cone, the yertejc of which will, be 
jn A. Alfo, the line FM.wiH form a circular fe£lioa 
pf a cylinder, the line f l will form a circular feftion 
pf a hemifph^re, a|id th^ line fg a circular feflion of 
a cone, 

Thefe circular feflions, or circles are taeach other *$ 
^ the fquares of their radii i' therefore, fince the fquare 
of the radius fm is equal to the fquares of the two 
radii FL and fg, the circular feAion of the cylinder 
will be equal to'the circular fedions of the hemifphere 
?nd cone. 

In the fame manner it may be demonflrated,^ that 
^11 the other fe£lions, or circular furfaces of which 
the cylinder is compofed, are equal to the correfpond- ; 

llig feAipns, or furfaces, of the hemifphere and cone* | 

7 herefore the cylinder is eqiial to the hemifphere an4 \ 

S cone 



i 
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cone tAcn together : but the ccme ■** is equal to a third 
part of the cylinder ; the hemifphere therefore is equal 
to the remaining two thirds of the cylinder s and con- 
fequently the hemifphere is dbuUe of the cone. 



The coxte bsc is "< equal to a third part of the pro- 
Au& of. the radius and the bafe bc, which is a great 
circle of the fphere ; the hemifphere ald is therefore 
equal to a third part of the produ£t of the radius and 
two of its great circles ; and confequently, the whole 
fphere is equal to a third part of the produ£t of the 
radius and four of its great circles* 

Laftly, fince the fphere is equal < >3 to a third part of 
the produA of the ' radius and furface of the fphere, 
and alfo to a third part of the product of the radius 
and four of its great circles, the furface of the fphere 
is equal to four of its great circl.es. 



THE END. 
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